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Abstract

Theories of gravity and matter fields on asymptotically-AdS spacetimes have received
considerable attention due to the famous AdS/CFT correspondence. Traditionally, the majority
of the related work assumes that the geometry of the bulk spacetime is Riemannian (i.e., torsion-
free), and gravity is described using the second-order formalism, where the fundamental field
is the metric gµν . However, there are situations where the Riemann-Cartan spacetime and the
first-order formulation, with the vielbein and the spin-connection as fundamental variables,
are more useful, if not necessary, for addressing issues in formulating the gravity theory. The
most common setup where the first-order formulation becomes important is the consideration
of fermions in a curved background. However, if we are willing to go beyond the standard
Einstein-Hilbert gravity, torsion may not vanish even in a vacuum. Furthermore, one way to
define a quantum spacetime is to introduce noncommutative (NC) geometry, and it is often
useful to use the vielbein and the spin-connection to define a model of NC gravity.

The main goal of this PhD thesis is to study gravity and matter fields on (asymptotically)
AdS spacetimes, possibly with torsion, in the first-order formalism. More concretely, we will
explore Chern-Simons gravity and the closely related model of Chamseddine’s even-dimensional
topological gravity, including black hole solutions, boundary one-point functions, and branes.
We will spend considerable time discussing boundary terms in the gravitational action. Finally,
we will discuss conductivity in the boundary theory, and we shall also see how the methodology
used in this thesis can be applied to study an NC AdS spacetime as a bulk in some sort of an
AdS/CFT duality.

Key words: Riemann-Cartan spacetime, AdS/CFT correspondence, first-order gravity formal-
ism, Chern-Simons gravity, noncommutative gravity

Research field: physics

Research subfield: high energy physics



Apstrakt

Teorije koje analiziraju gravitaciju i polja materije na asimptotski-AdS prostorima su in-
tenzivno izučavane zbog čuvene AdS/CFT korespodencije. Tradicionalno, većina radova u ovoj
oblasti podrazumeva da je geometrija prostor-vremena Rimanova i da je gravitacija formulisana
koristeći formalizam drugog reda, gde je fundamentalno polje metrika gµν . Međutim, postoje
slučajevi gde je formalizam prvog reda, sa filbajnom i spin-koneksijom kao fundamentalnim
poljima, korisniji, ako ne i neophodan, za formulisanje teorije gravitacije. Najpoznatiji primer
ovakve situacije je razmatranje fermiona na zakrivljenom prostor-vremenu. Međutim, ako smo
voljni da analiziramo teorije opštije od Ajnštajn-Hilbertove gravitacije, torzija može postojati
čak i bez uvođenja dodatnih polja materije. Pored toga, jedan način da se formuliše kvantno
prostor-vreme je formalizam nekomutativne geometrije i ispostavlja se da je često upravo for-
malizam prvog reda koristan da bi se ovakav model napravio.

Stoga, glavni zadatak ove doktorske teze je proučavanje gravitacije i drugih polja na (asimp-
totski) AdS prostor-vremenu, često sa torzijom, koristeći formalizam prvog reda. Konkretnije,
istraživaćemo Čern-Sajmons gravitaciju i usko povezan model Šamsedinove topološke grav-
itacije, crne rupe u tim modelima, jednotačkaste funkcije na granici i brane. Provešćemo dosta
vremena diskutujući granične članove u gravitacionim teorijama. Na kraju, diskutovaćemo
provodnost u dualnoj graničnoj teoriji i razmatraćemo kako se metodologija razvijena u ovoj
tezi može iskoristiti za bolje razumevanje nekomutativnog AdS prostora u kontekstu holografske
dualnosti.

Ključne reči: Riman-Kartanovo prostor-vreme, AdS/CFT korespodencija, gravitacija u formal-
izmu prvog reda, Čern-Sajmons gravitacija, nekomutativna gravitacija

Naučna oblast: fizika

Uža naučna oblast: fizika visokih energija
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Chapter 1

Introduction

There is a tale, usually told to undergraduate students, that one can ignore all the boundary
terms arising in some variational calculations as they are deemed irrelevant. Of course, no one
would, having faced the question of whether the previous statement is true, support this claim
in full validity, yet many student textbooks do not spend any time discussing the nature of
the boundary terms that arise, for example, from a variation of an action [1]. However, for
many purposes, boundary terms play an important role. One example is the application of the
second Noether’s theorem in gauge theory to obtain conserved charges [2]. Variation of an action
generically contains a bulk term, which is zero on-shell (this is precisely how we derive equations
of motion), and a boundary term, which gives something called the pre-symplectic potential. We
can illustrate the usage of boundary terms in a more elementary example of classical mechanics.
If we consider action as a function of coordinates and time, we are interested in variations of
the action at the boundary, and it is precisely this quantity that defines momentum in this
approach. To illustrate this, note that in the mechanics of a single particle, we have

δ

(∫ tf

ti

L(q, q̇, t)dt

)
=

∫ tf

ti

(
∂L

∂q
− d

dt

(
∂L

∂q̇

))
δq +

[
∂L

∂q̇

]
(tf )δq(tf )−

[
∂L

∂q̇

]
(ti)δq(ti) , (1.1)

where the integral vanishes on-shell, and the boundary contribution precisely gives a well-known
expression for the canonical momentum p = ∂L

∂q̇
. The (most probable) reason why we don’t

always care about boundary terms is that we implicitly assume that appropriate boundary
conditions are imposed such that those boundary terms, produced from the variation of the
action, vanish. Indeed, boundary terms are closely related to boundary conditions. On the
other hand, the role of boundary conditions is often stressed, both in the mathematical and
physical literature. It is, therefore, evident that, despite our initial claim, the boundary terms
are very important.

One particular area of research in which boundary terms and boundary conditions are
of great importance is gravity. Traditionally formulated as a classical theory of spacetime
geometry, this interesting theory is, assuming a specific set of asymptotic boundary conditions,
conjectured to be related to the quantum field theory (QFT) living at the boundary of a
spacetime [3]. There are many hints that this is indeed true, and we shall spend some time in
this thesis elaborating along those lines. Because of this relation between a bulk theory with
gravity and the corresponding boundary QFT, one has to devote considerable attention to the
study of boundary terms and boundary conditions in gravity. Even without this duality in mind,
conserved quantities in gravity, which determine black holes’ mass, angular momentum, and
entropy, are given by boundary integrals, thus highlighting the importance of boundary terms

1



CHAPTER 1. INTRODUCTION

in gravity [2]. In this thesis, we will study gravity on Riemann-Cartan spacetimes (including
torsion) in the first-order formalism. Because of the mentioned duality, we will be interested only
in a certain type of spacetimes, those called asymptotically AdS spacetimes, and deformations
thereof. The study conducted as a part of this PhD thesis, though being original, relies on a
majority of the related work done in the past decades, making it obligatory to go through some
of the most important results that predate our research.

This thesis is organized as follows. In Chapter 1, we go through the historic route of
major scientific developments leading to the work presented here, and focus on motivating
the topic of this PhD thesis thoroughly. Chapter 2 establishes the methodology for the study
of Riemann-Cartan spacetime that is used throughout the thesis. Chapter 3 introduces the
bottom-up AdS/CFT and contains important examples that set up the stage for later original
calculations. In Chapter 4, we study Chamseddine’s even-dimensional topological gravity from
a holographic point of view and its two-dimensional example - JT gravity. In Chapter 5,
we analyse Chern-Simons gravity with torsion on asymptotically AdS spacetime, AdS/BCFT,
reduction to two dimensions, and black hole entropy. In Chapter 6, we propose a model of a
nonminimally coupled U(1) gauge field that is sensitive to torsion and compute the holographic
conductivity in a dual field theory. Finally, in Chapter 7, we analyse noncommutative gravity,
the role of torsion in the formulation of some versions of this theory, and boundary correlation
functions in the case when the AdS bulk is given as a quantum spacetime, with emphasis on
those cases where the noncommutativity is introduced using a framework based on the first-
order formulation of gravity. Final remarks and proposals for further research are discussed in
Chapter 8.

1.1 Historical overview

In order to understand our research goal, we shall go through a highly biased historical timeline
leading to this thesis. Some important points are depicted in Figure 1.1. It is often stated that
classically, the study of gravity is actually the study of geometry [4]. This study was initiated
by Albert Einstein’s general relativity, where the equations of motion determining the geometry
from the matter content are the so-called Einstein’s equations

Rµν +
1

2
gµνR = 8πGNTµν , (1.2)

where T µν is the matter energy-momentum tensor, and Rµν and R are, respectively, the Ricci
tensor and the Ricci scalar for the metric gµν . After writing down the equations of motion for
a gravitational field, Einstein understood that there is a problem with finding a static solution
that should explain our universe, unless an additional constant is introduced in the theory [5].
With that constant, denoted by Λ, equations of general relativity take the form

Rµν +
1

2
gµνR− Λgµν = 8πGNTµν . (1.3)

However, it was soon realized that our universe is not static, and therefore, there is no need to
include the cosmological constant in the theory.

Some of the most interesting solutions to vacuum equations (1.2) are black holes (BH). Even
though it is challenging to give a completely general definition of a BH, it is fairly simple to
recognize one in practice. Black holes are characterized by the existence of an event horizon and

2
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1

1

1
1 1 1 1

1

1 0

0
00

00

Figure 1.1: A chronological order of subjectively chosen events relevant for this work. Holog-
raphy on Riemann-Cartan spacetime has been analyzed only in the highlighted period of time.

a singularity surrounded by this horizon. A prototype of such a spacetime is the Schwarzschild
black hole, with the line element given by

ds2 = −f(r)dt2 + 1

f(r)
dr2 + r2dΩ2, (1.4)

where f(r) = 1 − 2MGN
r

(we will mostly set GN = 1 in the following). The position of the
horizon is determined by f(rh) = 0, which for the case of the Schwarzschild BH gives rh = 2M .
More general BH spacetimes we will consider in this thesis have a similar form of the line
element. Interestingly, it turns out that BHs behave as thermodynamic systems, which was
discovered in the early 1970s. To illustrate this, we start by noticing that the horizon is smooth
in the Lorentzian signature and that there is no singularity (except for the coordinate one)
at this location. We, therefore, expect that a similar conclusion should hold in the Euclidean
signature, once the Wick rotation t→ −iτ is performed. In Euclidean signature, we have

ds2E = f(r)dτ 2 +
1

f(r)
dr2 + r2dΩ2. (1.5)

Near the horizon r = rh we have f(r) ≈ 0 + (r − rh)f
′(rh) + . . . . We introduce the radial

coordinate
ρ =

∫ r

rh

dr√
f(r)

≈ 2√
f ′(rh)

√
r − rh , (1.6)

such that f(r) ≈
(
1
2
f ′(rh)

)2
ρ2. Expression κ ≡ 1

2
f ′(rh) is called the surface gravity, and plays

an important role in the BH’s thermodynamics. Euclidean line element now takes the form

ds2E ≈ ρ2κ2dτ 2 + dρ2 + r2hdΩ
2 . (1.7)

The τ -ρ part of the metric corresponds to a plane in polar coordinates. In order to avoid conical
singularities, the circumference of a circle in τ coordinate must be 2πρ. However, from (1.7), it
follows that this circumference is ρκβ, where β is the period of the τ coordinate. This implies
that

β =
2π

κ
. (1.8)

On the other hand, it is well-known from the study of finite temperature QFT that the pe-
riod of the Euclidean time coordinate equals the inverse temperature, β = 1

T
. Therefore, the

temperature of a BH is given by

T =
κ

2π
=
f ′(rh)

4π
. (1.9)

3



CHAPTER 1. INTRODUCTION

In the case of the Schwarzschild black hole, we get T = 1
8πM

. Furthermore, by interpreting M
as the BH mass, using Einstein’s formula E = M (in units where c = 1), and referring to the
first law of thermodynamics TdS = dE, we get

dS = 8πMdM . (1.10)

Assuming that the entropy of a BH vanishes for vanishing mass, we obtain

S = 4πM2 =
A

4
, (1.11)

where A = 4πr2h = 16πM2 is the area of the horizon. Including all the constants we have
stripped away, the result is

S =
kbc

3

4ℏG
A . (1.12)

This formula, connecting the BH entropy and the horizon’s area, is called the Bekenstein-
Hawking entropy (BH entropy for short). The previous derivation is well-known, presented
in various books and lecture notes, appearing even in high-school physics competitions [6].
Historically, the first hint that the area A behaves as entropy was discovered in BH mechanics,
relying on the work of Hawking and collaborators in the early 1970s [7]. At that time, it was
believed that BHs, as classical objects, had zero entropy. The theoretical discovery of BH
evaporation (Hawking radiation [8]) demonstrated that the notion of BH temperature indeed
has a physical interpretation as a real temperature. Further progress in this direction was made
when Gibbons and Hawking derived the BH’s entropy from the gravitational path integral in
the saddle point approximation [9]. This approximation means that we consider a path integral
over a metric field and evaluate it as∫

Dgµνe−S ≈ e−Son−shell , (1.13)

where we don’t care about the exact formulation of the path integral and the measure Dgµν .
An important part of this construction is played by the Gibbons-Hawking-York (GHY) term,
which is a boundary term introduced in [9, 10]. While the primary role of this boundary
term is to implement Dirichlet boundary conditions on the metric field, on a technical level
here, it makes Son−shell non-zero. Magically, this construction yields the correct result for
the BH entropy starting from a single classical state (spacetime), contrary to the standard
thermodynamic interpretation of entropy, in which large entropy is associated with a large
number of microstates. This problem persists to this day, and a huge bulk of modern research
is dedicated to understanding the BH microstates.

Despite its gloomy origin, formula (1.12) provides an essential insight into the quantum
properties of gravity. Let us compare this formula with the Sackur-Tetrode formula [11] for the
entropy of N molecules of an ideal gas in volume V , with concentration n = N

V
and energy per

molecule ϵ:
S = kbN

(
ln

(
n
( mϵ

3πℏ2
) 3

2

)
+

5

2

)
. (1.14)

In this case, entropy is proportional to the total number of molecules, uniformly distributed over
the bulk of volume V . This is clearly different from (1.12), which is proportional to the area
surrounding the BH region. One may even conclude from this formula that the gravitational
degrees of freedom are not distributed over the volume, but rather over the boundary enclosing
it. From the analogy of this statement with the electromagnetic holograms, which encode
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CHAPTER 1. INTRODUCTION

three-dimensional objects in two-dimensional pictures, we call the related idea about gravity
the holographic principle. This idea was put forward by t’Hooft and Suskind in the early 1990s
[12, 13]. Through this thesis, we will assume that gravity is holographic, even though we must
stress that this is not accepted as fact in all physics communities. For example, the fact that
area instead of volume appears in (1.12) is natural, knowing that there is not a single candidate
for the diffeomorphism-invariant notion of spatial volume in general relativity, but there are
works showing how the notion of volume may naturally be generalized to curved spacetime [14].
This volume can be very large and, in principle, the fact that the thermodynamical entropy is
proportional to the area does not necessarily imply the holographic nature of gravity; degrees
of freedom might, after all, be distributed over this large volume and their number can be
considerably larger than previously believed.

Another important, although at first sight unrelated, observation concerning gravity and
boundaries was carried out in the mid-1980s, by Brown and Theietelbohm [15]. They considered
three-dimensional gravity with a negative cosmological constant Λ < 0. A maximally symmetric
solution to Einstein’s equation with negative cosmological constant is called the Anti de-Sitter
(AdS) spacetime. By analyzing the algebra of asymptotic symmetries of this theory, they found
out that it is given by two copies of the Virasoro algebra with central extensions c = c = 3ℓ

2GN
(ℓ being the AdS radius). Actually, in the case of four-dimensional asymptotically flat gravity,
a similar analysis was carried out even before, by Bondi and collaborators [16, 17, 18].

A dramatic change of a viewpoint on the relation between boundaries and gravity happened
in late 1997, with Maldacena’s conjecture on the relation between String theory in AdS5 × S5

background and large N four-dimensional N = 4 super Yang-Mills: the AdS/CFT duality [3].
This duality establishes a connection between a theory of gravity (string theory in a concrete
realization) and a quantum field theory, defined on the boundary of AdS spacetime, and thus
living on a manifold with one less dimension. This proposal also provided a concrete realization
of the holographic principle [19] and is the first attempt to state that the boundary charges
are obtained from an "ordinary" QFT. Soon after [3], additional insights into the relation
between boundary observables and bulk fields were made in [20, 21], resulting in the so-called
GKPW (Gubser-Klebanov-Polyakov-Witten) dictionary of holographic duality. This dictionary
establishes that the bulk partition function, obtained as an Euclidean path integral over the
metric and all other fields, with appropriate AdS boundary conditions, equals the CFT partition
function in the presence of sources. On the other hand, sources in the boundary theory are
obtained from bulk fields (ϕ) at the boundary (ϕ0), so the GPKW dictionary states that

ZAdS(ϕ→ ϕ0) = ZCFT (ϕ0) =
〈
e
∫
dxD−1ϕoO

〉
CFT

, (1.15)

with O being a boundary QFT operator dual to the bulk field ϕ. We will be more precise about
the precise meaning of (1.15) in section 3. For example, if ϕ is a bulk scalar field with mass m,
O is a scalar boudnary operator with conformal dimension ∆ = 1

2

(
d+

√
4m2/ℓ2 + d2

)
. If ϕ

is a U(1) bulk gauge field, O is a boundary conserved current, providing the boundary theory
with U(1) global symmetry. Finally, if ϕ is a metric field, O is a stress-energy tensor.

Following these initial considerations, a plethora of papers appeared in the literature on
AdS/CFT duality, and Maldacena’s paper [3] is among the most cited in theoretical high-
energy physics. Throughout the thesis, we will also refer to this type of duality as gauge/gravity
duality. Based on the GPKW dictionary, it is evident that one can try to use the AdS/CFT in a
setting that does not include String theory or supersymmetry - simply by using a saddle point
approximation on the left-hand side of (1.15), analogous to (1.13). By relying on a (semi-)
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classical bulk theory, we can use symmetry as a guiding principle to build a bulk model that
yields the desired boundary behavior. The resulting bottom-up approach enabled researchers to
build models of condensed-matter systems, resulting in the field of AdS/CMT (Anti-de Sitter/
condensed matter theory) correspondence. The primary example of this type of consideration
is given by a holographic superconductor [22]. Furthermore, classical gravity and geometry can
be used to compute a quantity in a boundary theory that is inherently quantum mechanical -
the entanglement entropy, as conjectured by Ryu and Takayanagi in 2006 [23].

Of course, it is unfair to state that the only important development in our understanding
of gravity is related to AdS/CFT duality. Ever since Einstein formulated it, scientists have
sought a more advanced theory of gravity that would ultimately resolve the problems posed
by Einstein’s original formulation. Einstein himself formulated the teleparallel theory of grav-
ity [24], where torsion, a geometric quantity initially set to zero in GR, plays an important
role. Precisely, this object plays an important role in this thesis, as we combine the ideas
of bottom-up AdS/CFT and torsion. Before discussing the motivation for our work, let us
comment on the history of merging AdS/CFT with torsion. As far as we are aware, the first
paper trying to analyze torsionful bulk in the context of AdS/CFT duality is [25], focusing
on the five-dimensional Chern-Simons (CS) gravity. Following this work, another similar pa-
per discussed three-dimensional gravity with torsion [26]. Another paper, technically distinct
from the previous two, emerged the following year [27, 28]. In the following ten-year period,
only a couple of papers on this topic appeared, such as [29, 30]. Recently, [31] considered the
GHY terms in theories with torsion (and nonmetricity), with the idea of better understanding
boundary terms needed for studying holography on such spacetimes. Finally, there is a recent
interest in the Kerr/CFT correspondence with torsion [32]. This review sets up the stage for
our PhD work, where, in addition to torsion, we will also include noncommutative deformations
of spacetime, as we shall discuss later.

1.2 Motivation

As this thesis’s main focus is holography (in the AdS/CFT sense) on Riemann-Cartan space-
time, we must thoroughly motivate our study. While most of the research directions we review
in this section are well-studied, there is a limited number of works that attempt to combine
them. Therefore, we will provide a comprehensive overview of the techniques used throughout
this text. In this section, we start considering the main ingredients of our work: gauge theories
of gravity, Chern-Simons theory, noncommutative (NC) gravity, and AdS spacetime.

1.2.1 Gauge theory of gravity

General relativity is invariant under diffeomorphisms. Diffeomorphisms are local transforma-
tions in the sense that the parameter does not have to be a spacetime constant. Despite this,
it is not entirely correct to say that GR is a gauge theory of diffeomorphisms in the same
sense that YM is a gauge theory for a certain Lie group [33]. First of all, diffeomorphisms do
not form a Lie algebra. Furthermore, YM gauge theory is based on the localisation of global
symmetries, while it is not a priori obvious if gravity can be obtained by localising some global
symmetries. As the most well-studied global spacetime symmetry is the Poincaré symmetry,
one can hope that gravity can be formulated by localising this symmetry. The answer is, in
a certain sense, positive, and there is indeed a research direction titled Poincaré gauge theory
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of gravity [34, 35]. In essence, it introduces gravitational degrees of freedom through vielbein
and spin-connection as independent fields (see Chapter 2 for the details). The spin-connection
is obtained as a gauge field for local Lorentz transformations, while the vielbeins are related to
translations. However, a specific way (on which we will not elaborate here) in which vielbein
fails to be a proper gauge field renders Poincaré gauge theory not adaptable to the fiber bundle
structure, as opposed to YM theory. Classically, this theory is similar to GR; the difference lies
in the fact that the torsion tensor is not set to zero in general. This is obvious by construction
as vielbeins and spin-connection are introduced independently. However, if one considers the
Einstein-Hilbert (EH) action, the equations of motion actually imply that the on-shell torsion
vanishes. An additional matter field (e.g., Dirac spinor) may imply that the torsion is non-
vanishing, though it is entirely determined by the matter content. However, additional terms
in the action can result in different conclusions, and torsion can end up being dynamical. A
similar approach, where vielbeins and spin-connection are treated independently, though we do
not assume that gravity is obtained from the localisation of the Poincaré group, is called the
first-order formulation of gravity.

Therefore, Einstein-Hilbert gravity in four dimensions is not a proper gauge theory. The
situation is different in three dimensions. In this case, EH gravity can be formulated as a
proper gauge theory. This is a consequence of the fact that classical three-dimensional gravity
can be rephrased as a Chern-Simons gauge theory [36]. We will explain the details of this
construction later, but here we note that CS is a particular gauge theory (even though here we
discuss the case of three spacetime dimensions, we will explain how to generalize CS gravity to
a higher number of dimensions). The gauge group in this case is indeed a three-dimensional
Poincaré group. This claim can be generalized to include the cosmological constant (both
positive and negative), and the respective gauge group in this case is SO(3, 1) and SO(2, 2),
respectively. In two dimensions, JT gravity, which is a particular case of two-dimensional
dilaton gravity with cosmological constant, can also be formulated as a gauge theory [37]. In
this case, the relevant gauge theory is BF theory in two dimensions, and the gauge group is
SO(2, 1) or SO(1, 2). Additionally, there is an approach to four-dimensional EH gravity with
a cosmological constant that uses a gauge-theoretic formulation with appropriate symmetry
breaking, called the MacDowell-Mansouri-Chamseddine-Stelle-West approach [38, 39]. In all
those situations, the gauge connection takes the form

A =
1

2
ωabJab +

1

ℓ
eaPa , (1.16)

where Jab are generators of Lorentz transformations and Pa are generators of (generalized, in
the case of AdS or dS group) translations. Once this connection is used in the gauge theory
action, the resulting theory should match the gravitational one. In the next subsection, we turn
to the most important example that can be used to formulate gravity: the CS gauge theory.

1.2.2 Chern-Simons theory

Consider a gauge group G with generators Ta and a trivial G-bundle over a three-dimensional
manifold N . Let A be a Lie-algebra-valued one-form A = Aaµdx

µTa. Let us focus on a gauge
theory with the action given by

S =
k

4π

∫
N
Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
. (1.17)
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For concreteness, we start analysing G = U(1). The action in this case comes down to

S =
k

4π

∫
N
A ∧ dA . (1.18)

Note that the Lagrangian form can be written as A ∧ dA = d (F ∧ F ), assuming we are
writing the last equality on a four-dimensional manifold. Stationary points of this action
give F = dA = 0. Therefore, on-shell, the gauge connection is flat. This may seem to imply
that this theory is too simple and irrelevant for the description of some physically interesting
phenomena. However, CS theory plays an important role in many different aspects of physics
and mathematics. For example, this theory is used in condensed matter physics when describing
the quantum Hall effect [40]. Furthermore, as we previously explained, CS theory is related to
three-dimensional gravity. Finally, this theory is related to knots and their invariants, which
establishes a direct link between physics and mathematics [41].

Action (1.17) does not contain a metric tensor, and in this sense, we are dealing with a
topological field theory. Whether this action is gauge-invariant is a nontrivial question, as it
involves the gauge connection explicitly. Even though (1.18) is invariant under δA = dλ up to
boundary terms, as

A ∧ dA→ A ∧ dA+ d(λ ∧ dA) ,

gauge invariance is not so obvious in the non-Abelian case. Interestingly, both Abelian and
non-Abelian cases turn out to be nontrivial, and the issue of gauge invariance is solved at the
quantum level only when the constant k, usually referred to as the CS level, is quantized to be
an integer. This integer is related to the conductivity in the quantum Hall effect. The most
important observables in this type of gauge theories are not described by local operators, but
rather by extended ones: Wilson loops and lines. Wilson line describes a parallel transport of
a heavy charged particle in the external gauge field A. In the case of a U(1) gauge theory, they
are defined as

W (xa, γ, xb) = eiq
∫ xb
xa

Aµdxµ = eiq
∫ xb
xa

A . (1.19)

Parameter q is the charge that labels an irreducible representation of the U(1) group. When
xa = xb we get the Wilson loop W (γ) = eiq

∮
γ A. In the case of a non-Abelian group, the

definition for the Wilson loop is

W (γ) = TrRPeiq
∮
γ A , (1.20)

with P standing for the path ordering. Wilson loops depend on the choice of the representation
R of the gauge group. It is often stated that Wilson loops in CS theory are topological. Let us
illustrate this claim. Consider two Wilson lines between points xa and xb, oriented in opposite
directions. We label one path as γ1 and the other as γ2, see Figure 1.2. Assuming we can
retract γ1 to γ2 (there are no singularities in between those two paths), we can use the Stokes
theorem to get ∫

γ1

A−
∫
γ2

A =

∮
γ

A =

∫
Σ

F = 0 . (1.21)

We can deform the path in the Wilson loop as far as no singularity is crossed, and the ex-
pectation value of the Wilson loop would be the same. It is in this sense that Wilson loops
are topological in CS theory. Once the theory is quantised, a prominent role is played by the
expectation value of the Wilson loop. It is this observable that represents the previously men-
tioned knot invariant. It was shown by Witten in [41] that this expectation value corresponds
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Figure 1.2: A figure illustrating the topological nature of Wilson loops in Abelian CS theory.

to the Jones polynomial for the knot, once an appropriate identification between the CS level
for the gauge group SU(2) in the fundamental representation and the Jones polynomial vari-
ables is made. Generalizing this to the more general rank of the gauge group and more general
representations, we arrive at the colored HOMPFLY-PT polynomials1.

On a more mathematical side, we can make the following comment [43]. For a given group
G and a trivial G-bundle and two connections on this bundle A and Ã, it can be shown (Chern-
Weil theorem) that 〈

F̃ , ...F̃
〉
n
−
〈
F, ..., F

〉
n
= dQ(Ã, A) , (1.22)

where

Q(Ã, A) = n

∫ 1

0

dt
〈
Ã− A,Ft, ..., Ft

〉
n
. (1.23)

In this formula
Ft = dAt + A2

t , At = A+ t
(
Ã− A

)
, (1.24)

so that At is a homotopic connection interpolating between A and Ã. Furthermore,
〈
. . .
〉

stands for an invariant symmetric tensor for G. As the right-hand side of (1.22) is manifestly
symmetric, we can take

〈
. . .
〉

to be the trace in a concrete representation of the gauge algebra,
due to the cyclicity of the trace. However, note that this is not necessary, and there are examples
where it is fruitful to consider more general symmetric invariant tensors than those resulting
from traces [44]. By taking A = 0 (which can be done on a trivial G-bundle) and relabeling Ã
with A, we obtain

Q(A)CS = n

∫ 1

0

dt
〈
A,Ft, ..., Ft

〉
n
, (1.25)

where now
Ft = tdA+ t2A2 = tF + (t2 − t)A2 . (1.26)

Equation (1.25) defines the CS form and CS action in any odd number of spacetime dimensions.
As the primary example of higher-dimensional CS theory we will be interested in this thesis is
5D CS theory, we explicitly compute its form. From (1.25), the action is given by∫ 〈

F 2A− 1

2
FA3 +

1

10
A5

〉
, (1.27)

1The author of this PhD thesis did work on HOMFLY-PT polynomials in [42].
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Equations of motion are of the form
〈
TaF

2
〉

= 0, and they do not imply that the gauge
curvature vanishes. However, F = 0 is a solution of the equations and a degenerate one. If we
try to do a perturbation theory around F = 0 by inserting A = Aflat + δA and expanding to
the first order in δA, we would get that the equations are automatically satisfied. Again, it is
customary to, instead of working with some general

〈
. . .
〉
, work in a concrete representation

of a gauge group where
〈
. . .
〉

is substituted with the trace in the representation. CS gauge
theory is particularly suitable for formulating noncommutative models of quantum gravity, and
in the next subsection, we explain the motivation for studying NC gravity.

1.2.3 Noncommutative gravity

At small scales, the smooth structure of a spacetime is believed to be broken. One way to
model this is through the use of noncommutative geometry. Classically, coordinates are com-
muting numbers. In NC theory, space-time coordinates have nontrivial commutation relations.
Heuristically, NC can be motivated as follows [45]. If we try to zoom in on some space-time
region, we have to import a large amount of energy. This can create a black hole, and we are
unable to see anything beyond its horizon, implying some sort of uncertainty relation

∆x̂µ∆x̂ν ∼ |θµν(x̂)| . (1.28)

Formal way to ensure this is to postulate that the coordinates do not commute, with

[x̂µ, x̂ν ] = iθµν(x̂) . (1.29)

There are multiple ways to proceed from this starting point. One particular way that is well-
studied is to consider a field theory (scalar, spinor, gauge theory,...) defined on a plane with
θµν being a constant antisymmetric matrix. In this case, NC effects can be introduced by the
Moyal product

f ⋆ g = e
i
2
θµν∂xµ∂yν f(x)g(y)|x→y . (1.30)

It follows directly from this definition that, if we consider coordinates as functions, we have

xµ ⋆ xν − xν ⋆ xµ = xµxν +
i

2
θµν − xνxµ − i

2
θνµ = iθµν . (1.31)

Morally speaking, one way to pursue this program is to substitute all the products in the
classical action with a star product and to substitute classical fields with their NC analogue.
More details on this will be shown in Chapter 7. We emphasise that this is not the only way to
introduce NC geometry and to analyse NC spacetime physics. As the primary goal of this thesis
is to discuss considerations along the line of gauge/gravity duality (which, for the purpose of
this thesis, is a synonym for the holographic duality), one goal is to use this effective approach
to quantum gravity as a deformation of a classical bulk. As we shall see later, it is much
simpler to study QFT on NC spacetime than to define a NC general relativity; luckily, the
gauge-theoretic formulation of gravity can be used, and all the methodology from field theory
on a NC spacetime can be applied. Additionally, instead of deforming the algebra of functions
on a spacetime, one can represent coordinates as operators acting on a certain vector space. Of
course, in this thesis, we will be interested in those approaches where the first-order formulation
of gravity has an important role.

In the context of holographic duality, NC spacetimes are far from being well-studied as
models of a bulk "spacetime". Singular examples include [46] and more recently [47]. The
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latter work is motivated by the double-skaling limit of the SYK model, which is a concrete
quantum mechanical model of N Majorana fermions with random interaction. It turns out
that in this limit, the NC bulk picture naturally emerges from chord diagrams. Boundary
correlation functions have q-deformed symmetry, which is a quantum group type of symmetry
usually encountered when studying NC spacetime.

1.2.4 Quantum-geometry relation

This subsection is based on author’s work [48]

Classical gravity is perhaps the first theory that heavily relies on the study of manifolds.
However, it is by no means the only one. The purpose of this subsection is to demonstrate that
certain aspects of quantum mechanics can be modeled using manifolds. If AdS/CFT is true,
this should indeed be correct, and many quantum-mechanical properties should be expressed in
the bulk as geometric quantities. The most famous example of this correspondence is the Ruy-
Takayanagi proposal for computing the entanglement entropy, which is introduced in Chapter
3 of this thesis.

While it may not be obvious at first, manifolds play an important role in QFT. The par-
ticular cases of QFTs, where this is manifest, are topological quantum field theories (TQFTs).
Generically, TQFT is a monoidal functor between the category of cobordisms and the category
of vector spaces. Roughly speaking, cobordism is a manifold representing the transition from
the initial state of the system to the final one. TQFTs have the characteristic that the transition
amplitude depends only on the topology of the spacetime and not on the additional details [49].
Very often, the cobordism is depicted using figures, so that many quantum mechanical proper-
ties of the system can be represented graphically [50]. Quantum mechanics can be viewed as
a 0 + 1 dimensional QFT, and there are many proposals for the graphical languages exploring
different aspects of the theory. Of course, this does not support or disprove the AdS/CFT; it
is completely unrelated to this proposal, but it still contributes toward the claim that geome-
try might encode some quantum properties. In [48], we considered a particular realization of
the graphical language needed to geometrically interpret certain quantum protocols: quantum
teleportation, entanglement swapping, and superdense coding. Quantum teleportation proto-
col is depicted in Figure 1.3. We shall not spend time here to explain the graphical language;
an interested reader can consult [48]. Instead, we will continue our goal to learn something
about the QFT using (Riemann-Cartan and NC) geometry using the bottom-up AdS/CFT
correspondence.


+++ +++

+++

+++ +++

+++

+++ +++

+++

+++ +++

+++
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β1 β2 β3 β4

+++ +++ +++ +++
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β−1
1 β−1

2 β−1
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4



T

Figure 1.3: Quantum teleportation protocol, using the graphical language discussed in the text.
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1.3 AdS spacetime and holography

We come to the point where we should discuss the holographic duality. Broadly speaking, this
is an idea that quantum gravity can be explained in terms of an ordinary QFT in one dimension
lower. The most well-understood example of holographic duality is AdS/CFT [3], which relates
gravity (and other fields) on asymptotically AdS spacetime to conformal field theory (CFT)
observables. Here, we elaborate on why AdS spacetime, the main character in our work, is so
special. For the purpose of this thesis, AdS spacetime can be considered as a spacetime with a
line element

ds2 = ℓ2
dz2 − dt2 +

∑D−1
i=2 dxidxi

z2
(1.32)

Coordinate z plays an important role in holographic duality, and z = 0 is the asymptotic,
conformal boundary of this spacetime. At each z = const. hypersurface, we have induced
a Minkowski metric, with scaling factor 1

z
growing as we approach this conformal boundary.

Of course, the particular value of the coordinate z = 0 does not correspond to points in this
manifold, and therefore this is not a boundary of spacetime in the same sense as a bottle is
a boundary of the fluid inside it. We will refer to the limit z → 0 as the boundary limit in
the rest of the thesis. Coordinates (1.32) are called the Poincaré coordinates, and they do not
cover the whole AdS spacetime in Lorentzian signature.

More generally, AdS can be defined as a hyperboloid embedded in the surrounding flat
spacetime with signature (−,+, . . . ,+,−). The line element of this flat spacetime is given by

ds2 = −dV 2 − dU2 +
D−1∑
i=1

dX2
i . (1.33)

An embedded hyperboloid is defined through the relation

−V 2 − U2 +
D−1∑
i=1

(Xi)
2 = −ℓ2, (1.34)

where ℓ is the AdS radius. For simplicity, we focus from now on to the case of AdS5. Define
new coordinates that parametrize this embedded spacetime as

V = ℓ
cos (t/ℓ)

cos ρ
, X1 = ℓ tg ρ ,

X2 = ℓ tg ρ cosψ , X3 = ℓ tg ρ sinψ cos θ ,

X4 = ℓ tg ρ sinψ sin θ , U = ℓ
sin(t/ℓ)

cos ρ
. (1.35)

It is obvious that the above relations are periodic in t under t→ t+2πℓ. In order to avoid this
time identification, we shall unfold the time coordinate and refer to the resulting spacetime as
the AdS spacetime in the following (though, technically speaking, this is the universal cover of
the AdS spacetime). Using (1.35), the line element takes the form

ds2 =
ℓ2

cos2 ρ

(
−dt2 + dρ2 + sin2 ρ(dψ2 + sin2 ψ(dθ2 + sin2 θdφ2))

)
(1.36)

Another set of useful coordinates is obtained by taking ρ = z2, such that the metric takes the
form of

ds2 =
dρ2

4ρ
+

1

ρ
ηαβdx

αdxβ . (1.37)
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This form of metric, and this type of coordinates, will be referred to as the Fefferman-Graham
coordinates [51].

tim
elike b

o
u

n
d

ary

spacelike boundary null boundary

Figure 1.4: Penrose diagrams for two-dimensional AdS, dS, and Minkowski spacetime, with
appropriate boundaries that could be used to analyze holographic duality.

Let us now consider two other maximally symmetric solutions of Einstein’s equations: de
Sitter (dS) spacetime and Minkowski spacetime. Unlike AdS, dS has no spatial boundary. In
suitable coordinates, the metric of this spacetime can be written as

ds2 =
−dη2 + dx⃗2

η2
. (1.38)

The limit η → 0 can be considered as a boundary, called in the inflatory scenario the (reheating
surface); however, this boundary is spacelike. There have been proposals to define dS/CFT
correspondence using this surface, though this necessarily implies that the dual CFT is in
Euclidean signature [52]. There exist other proposals for dS/CFT duality, but it is fair to
say that they are more complicated than the AdS/CFT duality. Similarly, we shall discuss
the Minkowski spacetime. This flat solution of Einstein’s vacuum equations has a spatial
boundary that is not particularly interesting for holographic duality. On the other hand, the
null-boundary of a flat spacetime plays an important role, and it is on this boundary that one
can realise a bottom-up version of holographic duality (flat holography [53]). Depending on the
technical details, there exist celestial holography and Carlolian holography. Both are, however,
significantly less understood than the AdS/CFT duality.
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Chapter 2

Riemann-Cartan spacetime and CS
gravity

In this chapter, we will introduce the basic methodological tools used in this thesis. As our
primary goal is to understand the holographic properties of Riemann-Cartan spacetimes, we
shall first explain in depth the formalism used to address those spaces, and then provide some
examples of gravity theories relevant to our work. One can consult Appendix A.1 for the
conventions. Note that the wedge product between forms is implied and omitted in most places
where this does not introduce confusion.

2.1 First-order formalism

The basic field in Einstein’s general relativity is the metric field gµν . There is a unique
metric-compatible torsion-free connection derived from this field, the Christoffel symbols Γρµν =
1
2
gρλ (∂µgνλ + ∂νgµλ − ∂λgµν). Riemann curvature Rµ

νρσ is defined from this object as

Rµ
νρσ = ∂ρΓ

µ
νσ − ∂σΓ

µ
νρ + ΓλνσΓ

µ
λρ − ΓλνρΓ

µ
λσ , (2.1)

and involves second derivatives of the metric field. Einstein equations are derived from the
Einstein-Hilbert action

1

16πG

∫
dDx

√
−gR . (2.2)

However, a metric tensor can be put into the form of the Minkowski metric at each individual
point. We define

gµν = eaµe
b
νηab , (2.3)

where the change of basis is effected by a matrix whose elements eaµ will be called vielbeins.
We can further define a one-form ea = eaµdx

µ, which we also call vielbein, if no confusion in
the terminology arises. From the inverse eµa we can create vector fields ea = eµa ∂µ, that we call
the frame fields. Sometimes it is useful to adopt matrix notation and define a matrix e whose
components are the coefficients eµa . As this matrix is not necessarily symmetric, it can be useful
to separate the first and the second index as e µ

a . We shall be dealing mostly with symmetris
vielbeins, and therefore, for convenience , we will stick to the notation eµa . Having in mind the
importance of the vielbeins in this thesis, we proceed to analyse two important examples.

14
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Let us consider a two-dimensional AdS spacetime in Poincaré coordinates (1.32). This
means that the line element is given by

ds2 =
−dt2 + dz2

z2
. (2.4)

The change of basis to the orthogonal, Minkowski one, is performed as

g =

(
− 1
z2

0
0 1

z2

)
= e

(
−1 0
0 1

)
eT ,

such that the frame fields are given by ez = z∂z and et = z∂t. It is simple to note that

eµa(x) = eax
µ , (2.5)

which follows from considering the coordinate xµ as a scalar function. In our example, we have

ez(z) = z, et(t) = z, ez(t) = 0, et(z) = 0 . (2.6)

As for the vielbein one form, they are given by et = 1
z
dt and ez = 1

z
dz. The second example,

which we will also need for future reference, is the analysis of a torsionless (four-dimensional,
for concreteness) black hole. Starting from the metric1

ds2 = −f 2(r)dt2 +
1

f 2(r)
dr2 + r2dΩ2 , (2.7)

we can choose the vielbeins as

e0 = f(r)dt, e1 =
dr

f(r)
, e2 = rdθ, e3 = r sin θdϕ . (2.8)

Obviously, vielbeins play a role similar to the metric field in the second-order formulation of
gravity. However, in the first-order formulation of gravity, it is not assumed that the connection
is determined from the metric, and the role of a connection is taken by a new field: the spin-
connection ωab. Only if the geometry is assumed to be Riemannian (or if this follows from
the equations of motion), the spin-connection is related to the vielbeins through the relation
dea + ωabeb = 0. Using this one-form, we can define the Riemann-Cartan curvature two-form
as

Rab = dωab + ωac ∧ ωcb ≡ ωab + ωacω
cb . (2.9)

From the condition that the geometry is Riemannian, the nonzero components of the spin-
connection are given by

ω01 =
1

2
(f 2(r))′dt, ω12 = −f(r)dθ,

ω13 = −f(r) sin θdϕ, ω23 = − cos θdϕ. (2.10)

Riemann curvature is computed to be

R01 = −1

2
(f 2)′′e0e1, R02 = − 1

2r
(f 2)′e0e2,

R03 = − 1

2r
(f 2)′e0e3, R12 = − 1

2r
(f 2)′e1e2,

R13 = − 1

2r
(f 2)′e1e3, R23 = −1

2
(f 2)′′e2e3. (2.11)

1For convenience, we changed notation f → f2 from (1.4).
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Previous formulas can be applied to any four-dimensional Riemannian BH geometry, as is the
case of four-dimensional Schwarzschild AdS black hole, with the line element given by

ds2 = −
(
1− 2m

r
+
r2

ℓ2

)
dt2 +

1(
1− 2m

r
+ r2

ℓ2

)dr2 + r2dΩ2 . (2.12)

EH action in the first-order formalism can be written as

1

32πGN

∫
εabcdR

abeced . (2.13)

Let us prove that this is true, as we will need similar computations multiple times in this thesis.∫
εabcdR

abeced =

∫
εabcd

1

2
Rab

µνe
c
ρe
d
σdx

µdxνdxρdxσ

= −
∫

1

2
εabcdε

µνρσRλτ
µνe

a
λe
b
τe
c
ρe
d
σd

4x

= −
∫

1

2
eRλτ

µνε
µνρσελτρσd

4x

=

∫
eRλτ

µν (δ
µ
λδ

ν
τ − δµτ δ

ν
λ) d

4x

= 2

∫
d4x

√
−gR (2.14)

where e ≡ det(eaµ) ≡
√
−g. In a similar fashion, the cosmological constant term, in the first-

order formalism, can be written as∫
εabcd e

aebeced = −
∫
εabcde

a
µe
b
νe
c
ρe
d
σε

µνρσd4x = −
∫ √

−gεµνρσεµνρσd4x

= 24

∫
d4x

√
−g . (2.15)

Therefore, a four-dimensional EH action with cosmological constant can be written as

1

16πGN

∫
d4x

√
−g (R− 2Λ) =

1

32πGN

∫
εabcd

(
Rab − Λ

6
eaeb

)
eced . (2.16)

First-order formalism naturally incorporates the torsion tensor. We define a two-form T a such
that

T a = dea + ωabe
b , (2.17)

or, in full-coordinate coordinate indices T µνρ = eµaT
a
νρ. Torsion is antisymmetric in the two lower

indices T µνρ = −T µρν . A more traditional definition of torsion is the antisymmetric part of the
affine connection

T µνρ = Γµνρ − Γµρν . (2.18)

Throughout the thesis, we will often use the identities

DRab = 0 , DT a = Ra
be
b . (2.19)

Having introduced the technical details of the first-order gravity formulation and torsion, in
the next section, we provide an overview of the use of torsion in different areas of physics.
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2.2 Overview of torsion in high-energy and low-energy
physics

There are various opinions in the scientific community on whether the torsion field plays an
important role in gravity. The range of claims goes from the opinion that torsion T ρµν is just an
additional tensor field, similar to other matter fields that one can anyway consider in general
relativity, and thus is not very interesting to consider it (one example of such a claim can
be found in Carroll’s book on general relativity [54]), to the claims that torsion, as part of
geometry that is independent of the metric field, plays an essential role in our understanding
of classical gravity. A comprehensive discussion, arguing against the claims that torsion is
irrelevant, can be found in [55]. Another negative attitude towards torsion is the claim that
torsion violates the equivalence principle. This is usually argued as follows. Locally, in GR, we
can choose a coordinate system such that the components of the metric field at a given point
coincide with the flat metric ηab = diag(−1,+1,+1, . . . ,+1) and such that the components
of the connection vanish at that point. If the connection is not symmetric, no coordinate
transformation will make all the components equal to zero at a given point, and thus, one may
claim that the equivalence principle is broken. However, the implicit assumption in this claim
is that we should only care about coordinate transformations: the spin-connection ωabµ has two
Lorentz indices, and one can act on them with an arbitrary local Lorentz transformation. It
turns out that in this way, one can indeed make the spacetime with torsion locally equivalent
to the Minkowski spacetime and thus prove the equivalence principle [34]. Therefore, we can
work with Riemann-Cartan spacetime without having to sacrifice something as important as the
equivalence principle. Indeed, there is an abundant amount of work dedicated to understanding
the role of tosrion in our universe: from cosmology [56] to black holes [57] and more. However,
no experimental observation of torsion in our universe has been made so far, and thus a natural
question we ask is if our understanding of torsion can be applied to address certain aspects
aside from four-dimensional gravity phenomenology.

Before we proceed, note that the common interpretation of torsion is that, starting from
a point with coordinates xµ and taking a parallel transport along two distinct directions, the
final point will differ depending on the order of the parallel transports, see Figure 2.1.

Figure 2.1: Schematic representation of torsion as a failure of closing a parallelogram.

In condensed matter physics, torsion is usually studied in order to introduce dislocations
in the system [58, 59]. One way to understand this is by noting, as in figure 2.1, that torsion
corresponds to the failure of closing a parallelogram when parallel transporting along two
vectors. On the other hand, we can imagine a crystal structure as given in figure 2.2, with a
half-line of sites removed. Then, it is obvious that starting from one site, as in the figure, and
going three unit steps in one direction, then three unit steps in the normal direction, and so on,
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we end up in a different site than the one we initially started in. This discrepancy (or, more
precisely, the holonomy of translations) is given by the Burgers vector, and in the continuum
limit, is related to the torsion tensor. We therefore believe that the knowledge of torsion,
acquired by studying high-energy physics, should be applied to condensed-matter systems, with
eventual potential applications in the laboratory. Gauge/gravity duality offers one possible way
of combining the high-energy gravity physics and condensed-matter phenomenology, and we will
analyse the influence of torsion on condensed-matter systems holographically in Chapter 6. In
the next section, we will introduce the CS gravity and see how torsion plays an important role
in this theory.

Figure 2.2: 2D latice with dislocations. Starting from a certain position, a semi-infinite line of
lattice sites is removed. Following the lines as in the figure, we see that starting from one point
and going around the defect by making three steps in each direction, we end up in a different
site than where we initially started, thus making the analogy with torsion manifest.

2.3 Chern-Simons gravity

Let us start from D = 3 EH gravity without matter. As usual, the equations of motion imply
that the spacetime is on-shell Ricci flat, Rµν = 0. However, in three spacetime dimensions,
there is a kinematic relation between Rµν and Rµνρσ, namely

Rµνρσ = Rνσgµρ +Rµρgνσ −Rνρgµσ −Rµσgνρ −
1

2
R(gµρgνσ − gµσgνρ) . (2.20)

Therefore, on-shell, Riemann curvature vanishes, and every solution is a locally flat (Minkowski)
spacetime. This further implies that there is no local dynamics in 3D gravity, spacetime
remains still, and no gravitational waves can be produced. A similar conclusion holds once the
cosmological constant is introduced, and on-shell, the spacetime is locally (A)dS.

At this point, we can see the similarity between action (1.17) and 3D EH gravity: in the
former case, the gauge curvature vanishes on-shell, and in the latter, the curvature of spacetime
vanishes. Actually, this correspondence can be made more formal by computing the gauge
curvature of (1.16). This derivation can be applied to any number of spacetime dimensions,
as it relies only on the commutational relations among the generators of the AdSD algebra, so
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we will be general at this point. Denoting generators as Jab and Pa ≡ JaD, the commutation
relations take the form

[JAB, JCD] = GADJBC +GBCJAD − (C ↔ D) , (2.21)

where A = (a,D) and GAB = diag(−,+, . . . ,+,−). An explicit computation gives

F = dA+ A ∧ A = dA+
1

2
[A,A]

=
1

2
dωabJab +

1

ℓ
deaJaD +

1

2
ωabωcdGadJbc +

1

ℓ
ωabecGbcJaD − 1

ℓ2
eaebJab

=
1

2

(
dωab + ωacω

cb +
1

ℓ2
eaeb

)
Jab +

1

ℓ

(
dea + ωabe

b
)
JaD

=
1

2

(
Rab +

1

ℓ2
eaeb

)
Jab +

1

ℓ
DeaJaD

=
1

2

(
Rab +

1

ℓ2
eaeb

)
Jab +

1

ℓ
T aPa . (2.22)

Taking D = 3, we observe that the equations of motion of 3D EH gravity with negative
cosmological constant Λ = − 1

ℓ2
are realized by the condition F = 0. In a sense, a classical

equivalence exists between three-dimensional EH gravity and CS theory for (a noncompact)
SO(2, 2) gauge group. We emphasize the word classical, as one encounters problems when
trying to use CS theory as a quantum theory of gravity [60, 61]. Namely, the invertibility of
the vielbein is an important condition as it leads to the nondegeneracy of the metric tensor.
While classically we can make sure that this holds by putting this condition by hand, in a
quantum theory, we have to modify the path integral such that we do not integrate over those
configurations. In turn, this may drastically change the theory.

To be more concrete, we will try to connect CS theory and EH gravity in three dimensions
directly. The most straightforward way is to define an invariant tensor of rank two,

⟨Jab, Pc⟩ = εabc , (2.23)

with all other components equal to zero. Furthermore, because of the Chern-Weil theorem
(1.22), we start by computing ⟨FF ⟩:∫

M4

⟨FF ⟩ =
∫
M4

〈[
1

2

(
Rab +

1

ℓ2
eaeb

)
Jab +

1

ℓ
T aPa

] [
1

2

(
Rcd +

1

ℓ2
eced

)
Jcd +

1

ℓ
T cPc

]〉
=

∫
M4

(
Rab +

1

ℓ2
eaeb

)
1

ℓ
T c ⟨Jab, Pc⟩ =

∫
M4

εabc
1

ℓ

(
Rab +

1

ℓ2
eaeb

)
Dec

=
1

ℓ

∫
M4

d

[
εabc

(
Rabe2 +

1

3ℓ2
eaebec

)]
, (2.24)

from which, by using the Stokes theorem, it follows that the CS Lagrangian takes the form

k

∫
M3

εabc

(
Rabec +

1

3ℓ2
eaebec

)
. (2.25)

This indeed is the action for the EH gravity with a negative cosmological constant in three
spacetime dimensions. Note that in three dimensions, it is sometimes useful to introduce

ωa ≡ 1

2
ϵabcωbc . (2.26)
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Additionally, we may work with a concrete representation of the gauge group and take the
invariant symmetric tensor to be given by the trace in this representation; we will use this logic
in the next subsection. Here, we further wish to show an alternative approach that is valid in
three dimensions and relies on the isomorphism so(2, 2) ∼= sl(2,R) ⊕ sl(2,R), where we also
have sl(2,R) ∼= so(2, 1). Algebra sl(2,R) is generated by three elements, commonly denoted as
H, E+ and E−. They satisfy the following commutational relations

[H,E+] = E+ , [H,E−] = −E− , [E+, E−] = 2H . (2.27)

On the other hand, generators of algebra so(2, 1) are standardly denoted by Ja, and they satisfy
the commutation relations [Ja, Jb] = ε c

ab Jc, where the upper and lower indices follow the usual
logic in the Lorentzian signature. If we define so(2, 1) gauge connections as

A =

(
ωa +

1

ℓ
ea
)
J+
a , A =

(
ωa − 1

ℓ
ea
)
J−
a , (2.28)

where J±
a are generators of the two copies of so(2, 1) in the so(2, 2) algebra. For a concrete

representation of this algebra, consult section 4.4, as for now, we note that the trace we shall
use to define the CS action can be choosen to satisfy Tr(JaJb) =

1
2
δab and Tr(JaJbJc) =

1
4
εabc.

The action for three-dimensional gravity can then be written, modulo boundary terms, as

2k

∫
CS(A)− 2k

∫
CS(A) , (2.29)

where CS(A) is the CS top form from (1.17), see for example [62]. It is common to set ℓ = 1
when writing the gravity action, and in the following, very often we will employ this.

2.3.1 Action for 5D CS gravity and 3D MB model

In this section, we take a concrete representation for the gauge group SO(4, 2) and compute
the action for CS gravity. For a comprehensive presentation of CS gravity, see [33]. Lie group
SO(4, 2) is the AdS group in five dimensions, and we denote its generators, as before, by JAB.
Lie brackets are given by (2.21) where now, for concreteness, we have GAB = (− + + + +−).
By making the decomposition of generators into Jab and Ja5 ≡ Pa, where the indices take the
value (a, b = 0, 1, 2, 3, 4), we obtain the following form of Lie brackets for so(4, 2)

[Jab, Jcd] = GadJbc +GbcJad −GacJbd −GbdJac ,

[Jab, Pc] = GbcPa −GacPb ,

[Pa, Pb] = Pab , (2.30)

where Gab = (−,+,+,+,+). This is the general form of the AdS Lie algebra in any dimension,
and we can use the form of gauge connection in (1.16). We shall be working in a concrete
representation of this algebra, defined using the Gamma matrices, details of which are presented
in Appendix A.1. Again, starting for conveniency from (1.22), rather than from (1.27), we have

Tr
(
F 3
)
=
1

8
Tr (JABJCSJEF )F

ABFCDFEF

=
1

8
Tr (JabJcdJef )F

abF cdF ef +
6

8
Tr (JabJcdJe5)F

abF cdF e5

+
12

8
Tr (JabJc5Je5)F

abF c5F e5 +
8

8
Tr (Ja5Jc5Je5)F

a5F c5F e5

=
3i

8
εabcdeF

abF cdF e5 , (2.31)
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where all the traces are obtained from the formulas in Appendix A.1. Note that, as the AdS
algebra takes the same form in any number of dimensions, we can use the results of (2.22) to
compute the action S(5)

CS.

S
(5)
CS =

−ik
3

∫
M6

Tr
(
F 3
)
=
k

8

∫
M6

εabcdeF
abF cdF e5

=
k

8

∫
M6

εabcde

(
Rab +

1

ℓ2
eeeb

)(
Rcd +

1

ℓ2
eced

)
DT e

=
k

8

∫
N
εabcde

(
1

l
RabRcdee +

2

3ℓ3
Rabecedee +

1

5ℓ5
eaebecedee

)
. (2.32)

The equations of motion in the first-order formalism follow from variations in the vielbein and
the spin-connection. This results in the following two sets of equations

εabcde
(
Rab + eaeb

)(
Rcd + eced

)
= 0 , (2.33)

εabcdeT
a
(
Rbc + ebec

)
= 0 . (2.34)

Interestingly, the second equation is solved by T a = 0, leaving us with only the first equation.
In the case of 5D CS gravity, it is consistent to restrict oneself to the torsionless geometries,
yet this is unnecessary, as there are, as we shall see later, solutions involving torsion. We can
also cast the action (2.32) into a more familiar second-order form as

S
(5)
CS =

k

2ℓ3

∫
d5x

√
−g
[
ℓ2

4

(
R2 − 4RµνRνµ +RµνρσRρσµν

)
+R +

6

ℓ2

]
, (2.35)

where we were careful not to use the identity Rµν = Rνµ, which is often used in Riemannian
geometry, as it fails to be true on a Riemann-Cartan spacetime.

In three dimensions, we consider the following action

k

∫
εabcR

abec − Λ

3

∫
εabce

aebec + α3

∫ (
ωadω

a +
1

3
εabc ω

aωbωc
)
+ α4

∫
T aea , (2.36)

where, apart from the standard EH term and the cosmological constant, we added the CS term
for the spin-connection, and the translational CS term. This defines the Mielke-Baekler (MB)
model [63] of topological gravity. The equations of motion for this model, obtained from (2.36)
by varying with respect to ea and ωab independently, are

εabc
(
k Rbc − Λebec

)
+ 2α4Ta = 0 , (2.37)

k T a + εabc
(
α3R

bc + α4e
bec
)
= 0 . (2.38)

Assuming k2 ̸= α3α4, this set of equations can be solved to get algebraic equations

Rab = B eaeb , 2T a = Cεabce
bec , (2.39)

where
C =

α3Λ + α4k

α3α4 − k2
, B = − kΛ + α2

4

α3α4 − k2
. (2.40)

It is then evident that the general form of spacetime is precisely the (A)dS with torsion deter-
mined from the vielbeins. We can further decompose the spin-connection into torsionless part
and contorsion, resulting in

ωa ≡ ω̃a(e) + ka = ω̃a(e) +
C

2
ea . (2.41)
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This model constitutes the simplest testing ground for the relation between Riemann-Cartan
bulk and physics at the asymptotic boundary [64, 65]. Importantly, this model can also be
written as CS gravity theory, as shown in [66]. The novelty, compared to (2.28), is that the
two gauge connections from (2.28) now take a slightly different form, resulting in

A = (ωa + q ea) J+
a , A = (ωa + q ea) J−

a , (2.42)

where q = 1
2

(
−C +

√
C2 − 4B

)
and q = 1

2

(
−C −

√
C2 − 4B

)
. Furthermore, the CS level

of two sl(2,R) CS lagrangians is different, with the difference between two CS levels being
proportional to the α3 constant. In this thesis, we will mostly take a very simple choice of
α3 = 0, so we refrain from making further comments on the α3 ̸= 0 case here, and we refer the
reader to [66, 26].

2.3.2 Boundary terms in first-order formalism

This section is partially based on the author’s work [67]

The EH action (2.2) requires additional boundary terms if one wishes to consider manifolds
with boundary. To see this, let us first analyse a much simpler model of classical mechanics,
with action

−
∫

dt
1

2
q
d2q

dt2
. (2.43)

Varying this action under q(t) → q(t) + δq(t) we obtain the equation of motion

d2q

dt2
= 0 . (2.44)

The same equation can be obtained starting from the commonly used action∫
dt
1

2

(
dq

dt

)2

, (2.45)

and, indeed, we can show that those two actions are equal up to boundary terms. Namely, if
we add the boundary term ∫

∂

1

2
q
dq

dt
≡ 1

2
q
dq

dt

∣∣∣t2
t1

(2.46)

to the first action (2.43), it becomes equal to (2.45). However, variation of (2.43) results in a
boundary term

−
∫
∂

1

2
qδ

(
dq

dt

)
+

1

2

∫
∂

dq

dt
δq, (2.47)

which does not have to vanish under standard Dirichlet boundary conditions at the boundary:
δq(t2) = δq(t1) = 0. The reason for this is that the Lagrangian in (2.43) explicitly depends on
the acceleration d2q

dt2
, which is not usually present in the action. Once the boundary term (2.46)

is added, this acceleration term is eliminated from the action. However, in field theory, and
especially in gravity, one is often led to consider Lagrangians containing accelerations that can
be eliminated using appropriate boundary terms. The simplest example is an action for a free
scalar field, where instead of

S1 =
1

2

∫
dDx gµν∂µϕ∂νϕ , (2.48)
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one considers
S2 = −1

2

∫
dDx ϕ □ϕ . (2.49)

Another significant example is EH action (2.2). Due to relation (2.1), Ricci scalar contains
second derivatives of the metric field, and in this sense, we say that the EH action contains
accelerations. We can add a boundary term to eliminate this acceleration, and this boundary
term is called the Gibbons-Hawking-York (GHY) term. We can see the necessity for such a
term by noting that the variation of EH action is given by

δSEH =

∫
dDx

√
−g
(
Rµν − 1

2
Rgµν

)
δgµν +

∫
dDx

√
−ggµνδRµν . (2.50)

By using the Palatini identity δRµν = ∇α(δΓ
α
µν) − ∇ν(δΓ

α
µα), the second term in (2.50) is,

using the Stokes theorem, given by the boundary term and thus is usually discarded when
computing the equations of motion. However, the total action must be stationary, which is
usually implemented by imposing Dirichlet boundary conditions on the fields. In this case,
we should impose δgµν |∂ = 0. However, as evident from the previous formula, what enters the
boundary term is the variation of the derivative of gµν , and this object does not have to be zero if
Dirichlet boundary conditions are satisfied. In order to eliminate this variation, an appropriate
boundary term has to be added. This boundary term is again the Gibbons-Hawking-York term,
derived by York in [68] and later used by Gibbons and Hawking in [69] to derive the BH entropy
(see Chapter 1). The GHY term, for timelike boundaries, is given by the expression

SGHY =
1

8πG

∫
∂N

ddy
√

|h|K , (2.51)

where K is the trace of the extrinsic curvature, yα are coordinates on the boundary (d = D−1),
and hαβ is the induced metric. If nµ is a unit vector orthogonal to ∂N , then this trace is defined
to be K = ∇µn

µ. For more details on the geometry of hypersurfaces, see [70]. Interestingly, this
term is important for several reasons, as discussed in [71]. Apart from removing the boundary
variation of the metric field, the GHY term also enables one to use the path integral formulation
of gravity, provides the necessary boundary term in order to use the Hamiltonian formalism
for gravity, so that one reproduces the ADM mass of a BH and gives the correct expression
for the entropy of a BH when using the saddle-point approximation. Actually, in the case of
Schwarzschild BH, the boundary term (2.51) is divergent and has to be regularized in a suitable
manner. We shall encounter similar infinities once we start discussing the holographic duality.

It is, of course, impossible to give a simple answer to the question of what the boundary
terms are in the first-order treatment of gravity, because the question itself is imprecise. We
should first specify the quantity that we would like to compute, and only then ask ourselves
what boundary term should be added. One example when boundary terms are important
is when computing conserved charges. Conserved charges in the first-order formalism were
thoroughly analysed in the past, probably culminating in the work of Nester [72, 73] and his
famous formula for charges such as energy and angular momentum. This formula states that

Qξ = G

∫
S2

1

2
(ιξω

ab)∆ρab +
1

2
∆ωab(ιξρab) + (ιξe

a)∆τa +∆ea(ιξτa) , (2.52)

where ρab = ∂L
∂Rab

and τa = ∂L
∂Ta

are covarinat momenta. Furthermore, ιξ denotes contraction
with Killing vector field ξ, while ∆ρab = ρab − ρab being the difference between ρab computed
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for a given spacetime and the background reference value ρab computed for a spacetime wihout
horizon. We can illustrate the usage of this formula for EH action (2.2) and Schwarzschild BH.

ρab =
∂L
∂Rab

=
1

16πG
εabcde

ced , τa = 0 . (2.53)

Using the results (2.10), we can compute that the charge Q∂t ≡ E = M , which, in turn,
justifies the usage of M in (1.10) as the energy of the BH spacetime. Standardly, Nester’s
formula is derived using the Hamiltonian approach, which is not the main focus of this thesis,
as we mostly work with the Lagrangian formulation. Even though one can say that in the
Hamiltonian formulation, the issue of boundary terms in the first-order formulation of gravity
is well-understood by the work of Nester, it is still puzzling how the first-order Lagrangian
formalism, threating vielbein and spin-connection as independent fields, is different from the
second-order formulation, because there is no analogue of (2.50). The EH Lagrangian in the
first-order theory is given by (2.13). The latter contains only first derivatives in the fundamental
field ωab, and thus there is no acceleration present in the Lagrangian. Variation with respect
to ωab results in a boundary term∫

N
εabcdD

(
δωab

)
eced =

∫
∂N

εabcdδω
abeced. (2.54)

Putting Dirichlet boundary conditions on the field ωab, this term vanishes. One could then
insist that in the first-order formulation of gravity, no boundary terms analogous to (2.51) are
necessary in order to have a well-defined variational principle. However, the GHY term plays
an important role in many different situations. It was, after all, originally used by Gibbons and
Hawking to compute the BH entropy. How can we then rederive their result in the first-order
gravity? It goes without saying that there are ways to derive the black hole’s entropy in the
first-order formalism. We already illustrated one way to do so: using the Nester formula to
extract the energy and combining it with the first law of thermodynamics. A more systematic
treatment, in which the first law of thermodynamics is derived, can be found in [74]; we shall
use this result later in the thesis. Therefore, one could insist that no boundary terms should
be a priori added to the gravity action in the first-order formalism if the action is linear in
derivatives of fundamental fields. If we are dealing with the gauge theory of gravity, with
a gauge connection of the form (1.16), it is even more evident that we should treat vielbein
and spin-connection on equal footing and that it should be completely fine to put Dirichlet
boundary conditions on ωab.

However, going through the literature, we can indeed find arguments that some version of
the GYT term should also be added in the first-order formulation of gravity. In the case where
the connection is derived from the metric, the variation of the connection at the boundary is
precisely the reason why the appropriate GHY term should be supplemented. One logic then
is to add the boundary term, which will cancel the boundary variation δωab and move the
variation to the vielbein. Such a term is given by

−
∫
∂N

εabcd ω
abeced . (2.55)

Note that this boundary term explicitly involves the spin-connection, which is not a tensorial
object. For this reason, we shall "covariantize" this expression, taking instead the term [75]

2

∫
∂N

εabcd n
aDnbeced . (2.56)
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Here, na is normal to the boundary, meaning that eana|∂N = 0. The intuition for this covariant
term is as follows. Note that Dna = dna + ωabn

b. If we use coordinates as (2.7) (later we
shall use another set of coordinates (4.58), which holds a similar property), the boundary is
defined as r = const, so that the unit normal is proportional to (0, 1, 0, 0). Because of this
εabcd n

aDnbeced ∼ ε1bcdω
b1ecec, which gives precisely the same result as (2.55) once inegrated

over a constant r surface.

Fixing the vielbein instead of the spin-connection seems more natural from the perspective
of BH thermodynamics. In this context, boundary conditions on bulk fields correspond to the
choice of an ansamble on the thermodynamics side (for example, see [76, 77]). The simplest
example is given by electrically charged black holes. Standard Yang-Mills term in the action is
stationary provided the Dirichlet boundary conditions δA|∂ = 0 are placed on the gauge fields.
Those boundary conditions fix the potential in the thermodynamic ensemble (At, for example,
defines the chemical potential). On the other hand, we can add boundary terms such that
the action is stationary, provided the variation δF |∂ = 0. Since the integral of F over infinity
provides us with physical charges, this ensemble corresponds to the fixed-charge ensemble. The
former ensemble is the grand-canonical ensemble, while the latter is the canonical ensemble.
Similarly, we conjecture that the situation in the first-order formulation of gravity might be
similar. We know that fixing metric using the GHY term in the second-order EH action gives
the correct result for the Schwarzschild BH, and therefore, we may infer that we should add the
boundary term that fixes the vielbein at the boundary. A similar conclusion was made in [78].
Although this analysis is restricted to BH thermodynamics, we can attempt to generalize its
conclusions and propose that the boundary term (2.56) should always be added to the EH action
in the first-order formulation. Despite correctly reproducing the GHY term for EH gravity, this
motivation is not generalizable to some other gravity theory. For example, Lovelock theory in
five dimensions can have the term ∫

εabcdeR
abRcdee , (2.57)

whose variation produces a boundary term∫
εabcde δω

abωcfω
fdee . (2.58)

Unlike (2.54), we cannot move the variation from δωab to δea, and therefore our previous
analysis is not applicable here. Note that in Lovelock’s theory, in five dimensions, torsion can
be nonzero even on-shell, and we suspect that this might be the reason why we cannot use the
same logic as in (2.54). Also note that in this paragraph, we have not been fully precise; to
properly define the thermodynamical ensemble, we should more precisely define the boundary
conditions (using asymptotic expansion of bulk fields).

The next attempt to better understand the role of boundary terms in first-order gravity
comes from holography. We shall spend much more time discussing this in sections 3 and 4,
so we only briefly comment on it here. Holographic (gauge/gravity) duality relates gravity on
asymptotically AdS spacetimes with boundary field theory, and the important role is played by
the set of boundary conditions. It was realized in [25] that, in order to satisfy the holographic
boundary conditions (which are the Dirichlet boundary conditions for the holographic sources),
appropriate finite boundary terms have to be added to the bulk action. Those boundary
terms were further titled GHY type boundary terms in [79]. It is interesting to compare those
boundary terms with the ones we just analysed in the case of EH theory, and we shall do this
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in Chapters 4 and 5. It will turn out that in a low number of dimensions, there is an agreement
on the boundary terms between these two approaches.

Finally, the most modern approach to the boundary terms in the Lagrangian formulation of
first-order gravity can be found in [31]. The main purpose of this paper was to set up the stage
for a holographic analysis of gravity theories with torsion and non-metricity. They consider,
as independent fields, frame fields, connection (the affine connection is considered in a general
local basis; they do not focus on local Lorentz symmetry), and metric field, and develop a
general formalism for GHY boundary terms on such spaces. The initial assumption is that
what should be fixed at the boundary are the induced fields. For example, in the standard EH
gravity with GHY term, one can show that it is sufficient to ask for δhαβ|∂ = 0 to make the
action stationary, even though the initial motivation was to remove the variation of derivatives
with respect to the boundary normal. By insisting that the similar property should be true in
the case of more general gravity theories, the generalization of the GHY boundary terms can be
obtained. For the purpose of this thesis, we are not interested in nonmetricity, but boundary
terms for the torsionful case will be used later in the text. Note that one has to carefully define
what the induced connection is at the boundary, as the connection is not a tensor field, and
we cannot use a simple pullback. Let us present one example of this type of boundary terms.
Five-dimensional Lovelock’s theory with action∫

εabcde

(α1

3
Rabecedee + α2R

abRcdee +
α0

5
eaebecedee

)
(2.59)

should be accompanied by [31, 80]

−2

∫
εabcd

(α1

3
Kaebeced + 2α2K

aRbced − 2α2

3
KaKbKced

)
, (2.60)

where we assumed that the boundary is timelike. Here, Ka = Dna is related to the boundary
extrinsic curvature2. One can then ask whether the results of [81] regarding the entropy of
the derived BH solution hold. In this paper, the authors added no boundary terms to the
first-order gravity action and concluded that the on-shell action is zero, resulting in zero energy
and entropy for the BH. Luckily, if we consider a black hole solution from [81] with line element

ds2 = −f 2(r)dt2 +
1

f 2(r)
dr2 + r2(dψ2 + sin2 ψdθ2 + sin2 ψ sin2 θdφ2) , (2.61)

for f 2(r) = α1

8α2

(
r2 − r8+

r6

)
, and spin-connection components listed in [81], the value of the

(Euclidean) on-shell action with added boundary term (2.60) is still zero

8α1α2rβ

α2ℓ2

∫
S3

e2e3e4 +
α2
1rβ

α2

∫
S3

e2e3e4 = 0 . (2.62)

The last equation follows from α1 = −8α2
1
ℓ2

. Therefore, the results of this paper hold, which
is expected because, as the authors note, the same BH thermodynamics can be derived using
Nester’s formula.

Finally, let us comment on one additional aspect that further supports the last claim re-
garding the fixing of the induced fields [82]. Despite not being fully developed, one can still

2Actually, the notation from [31] is slightly different from the one used in this thesis, but in the example
we are interested in, boundary will be given as r = const surface, such that metric tensor does not contain grα
components; in this case, both notations coincide and we do not have to introduce any new ingreedients.
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use the path integral formalism to address some aspects of quantum gravity, especially as the
saddle point approximation can yield sensible results. One can compute the amplitude of a field
configuration transitioning from the induced fields at one hypersurface to the fields induced at
the second hypersurface. By adding the third hypersurface Σ2 in between the first two (Σ1 and
Σ3), we would like to compute the total transition amplitude ⟨h3,Σ3|h1,Σ1⟩. It is reasonable
to expect that the following property should be true

⟨h3,Σ3|h1,Σ1⟩ =
∑
h2

⟨h2,Σ2|h1,Σ1⟩⟨h3,Σ3|h2,Σ2⟩ , (2.63)

where, in general, h denotes a set of induced fields at the boundary. Using the saddle point
approximation, this would imply that the on-shell action computed with boundary conditions
h1 and h3 (S1) should be given as a sum of the on-shell action with boundary conditions h1
and h2 and the on-shell action with boundary conditions h2 and h3.

eiS = eiS1eiS2 ⇒ S = S1 + S2 . (2.64)

In the case of second-order EH action, in order to fulfill this property, the GHY term has to

(a) (b)

Σ1 Σ2 Σ3 Σ1 Σ2 Σ3

Figure 2.3: Left: in the second-order formulation of gravity, metric is continuous across Σ2,
while the derivative with respect to normal direction does not have to be; right: in the first-
order formalism, connection components in arbitrary basis do not have to be continuous across
Σ2.

be added. This is because the metric field must be continuous at Σ2, but since we only fix
the induced metric, there is no reason for the derivative with respect to the boundary normal
to be continuous. As standard EH action contains the second derivative of the metric field,
this produces a delta function in the Lagrangian density (part (a) of Figure 2.3). On the other
hand, in the first-order formulation, we fix induced vielbein and spin-connection, but unlike the
metric field, there is no reason for all the components of spin-connection (in a certain basis)
to be continuous. For example, in coortinate system (4.58), the components ωa1 do not have
to be continuous across Σ2, so that the EH Lagrangian density in (2.13), containing the first
derivative of ωab, contains the delta function. If we add the boundary term (2.56), derivatives
of ω are eliminated, and the total action is indeed equal to the sum of two separate parts,
without the additional delta function contribution. Having discussed the boundary terms in
the first-order gravity, we now turn to an important analysis of the black-hole solutions that
play an enormous role in our work.
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2.4 BTZ and dimensionally-continued BTZ black hole with
torsion

As already pointed out, Einstein-Hilbert’s gravity in three dimensions has no propagating de-
grees of freedom. Every solution of Einstein’s equations with a negative cosmological constant
is locally isomorphic to AdS spacetime. However, global properties of solutions can be non-
trivial, and 3D gravity with a negative cosmological constant possesses a black hole solution.
This black hole is called the BTZ black hole, a name stemming from the names of scientists
who discovered this solution: Banados, Teitelboim, and Zanelli. Line element for this solution
is given by

ds2 = −
(
r2

ℓ2
− µ

)
dt2 +

1(
r2

ℓ2
− µ

)dr2 + r2dθ2. (2.65)

Coordinate θ is angular coordinate, θ ∼ θ + 2π. We can choose diagonal vielbeins such that

e0 =

√
r2

ℓ2
− µ dt, e1 =

1√
r2

ℓ2
− µ

dr, e2 = r dθ. (2.66)

As this is a solution of Einstein’s gravity, torsion vanishes, and the spin-connection is given by
(analogously to (2.10))

ω01 =
r

ℓ2
dt , ω12 =

√
r2

ℓ2
− µ dθ . (2.67)

The BTZ black hole has a horizon located at rh = ℓ
√
µ. Using the prescription from Chapter

1, the black hole temperature is

T =

√
µ

2πℓ
. (2.68)

Through the thesis, we will, as usual, set ℓ = 1. Even though this black hole shares many
similarities with the Schwarzschild black hole, there are important differences. At first glance,
there is no problem in the metric (2.65) at r = 0, as f(r) → −µ in this limit. However, the last
term in the metric (2.65) is zero at r = 0. This is, of course, true also for the flat spacetime
metric in spherical coordinates, where r = 0 represents a coordinate singularity. Here, however,
the r = 0 is a true singularity. This is nontrivial to see without noting the following. As a
solution to Einstein’s equations in three dimensions, the BTZ black hole is locally isomorphic
to AdS spacetime. The BTZ black hole can be obtained as a quotient spacetime from AdS,
and this fact was heavily used in [83] and [84] to define a quantum version of BTZ black holes.
More precisely, in [83], this observation was used to define the Fuzzy BTZ black hole, which is
a noncommutative version of a black hole in the frame formalism (consult chapter 7 ), and in
[84], a superposition of two BTZ black holes with different masses was constructed. One way
to explicitly demonstrate this quotient structure is to start from the definition of AdS3 space
as an embedded hyperboloid from (1.34) using coordinates (t̃, r̃, θ̃) as

V = r̃ cosh θ̃ , U = ℓ

√
r̃2

ℓ2
− 1 sinh

t̃

ℓ
, X1 = r̃ sinh θ̃ , X2 = ℓ

√
r̃2

ℓ2
− 1 cosh

t̃

ℓ
. (2.69)

These coordinates do not cover the whole AdS3 spacetime, and they define the so-called Rindler
AdS3 patch. Line element of Rindler AdS3 is given by

ds2 = −
(
r̃2

ℓ2
− 1

)
dt̃2 +

1(
r̃2

ℓ2
− 1
)dr̃2 + r̃2dθ̃2 . (2.70)
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Further, we make the following rescaling of coordinates: t̃ → t = t̃√
µ
, r̃ → r = r̃

√
µ and

θ̃ → θ√
µ
, upon which the line element takes the form of (2.65). However, a crucial point is that

the Rindler AdS3 patch is analogous to the Rindler patch in Minkowski spacetime, and even
though the latter one is closely related to black holes, it is not entirely satisfactory to claim that
(2.70) corresponds to a black hole (see, however, section 4.4.1). At this stage, coordinate θ is
not an angular coordinate, and θ ∈ R. However, if we impose identification θ ∼ θ+2π, which is
formally obtained by quoting the original spacetime by the action Jn : θ → θ+2nπ, we obtain
a spacetime indeed matching (2.65). Action Jn represents an infinite group Z. This discrete
identification is responsible for introducing a conical singularity at r = 0, and for transforming
Rindler AdS3 to a proper black hole spacetime.

We can compute the curvature two-form, using formulas analogous to (2.11), yielding

R01 = − 1

ℓ2
dtdr , R02 = − r

ℓ2

√
r2

ℓ2
− µdt dθ , R12 = − r

ℓ2
√

r2

ℓ2
− µ

drdθ , (2.71)

and it is trivial to check that Rab = − 1
ℓ2
eaeb, hinting that this BH is indeed localy AdS

spacetime. Furthermore, a BTZ black hole can have angular momentum J , in which case the
line element is given by

ds2 = −
(
r2

ℓ2
− 8mG+

16G2J2

r2

)
dt2 +

1(
r2

ℓ2
− 8mG+ 16G2j2

r2

)dr2 + (dθ + 4GJ

r2
dt

)2

. (2.72)

More precisely, J is the angular momentum assuming the bulk is described using EH action,
while in the case of MB theory, the expression for the angular momentum is more complicated
(see, for example, [26]).

In dimensions higher than three, we may define dimensionally-continued black holes. The
line element of this spacetime is given by

ds2 = −
(
r2

ℓ2
− µ

)
dt2 +

1(
r2

ℓ2
− µ

)dr2 + r2
(
dψ2 + sin2 ψ(dθ2 + sin2 θdφ2)

)
. (2.73)

One big difference between this black hole and the original three-dimensional analogue is that
here the Ricci scalar is divergent for r → 0. More precisely, we have

R = −20

ℓ2
+

6(1 + µ)

r2
. (2.74)

The energy of this black hole solution is given by [85]

M =
3kπ2

2ℓ
(µ+ 2)µ . (2.75)

For µ = −1, we obtain AdS5 spacetime, and there is no singularity at r = 0. There is also a
version of this black hole with a flat horizon, such that the line element is given by

ds2 = −
(
r2

ℓ2
− µ

)
dt2 +

1(
r2

ℓ2
− µ

)dr2 + r2
(
dx2 + dy2 + dz2

)
. (2.76)

In this case, the Ricci scalar is given by

R = −20

ℓ2
+

6µ

r2
, (2.77)
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and now it has no singularity for µ = 0. For this particular value of µ, we see that the obtained
metric is that of the AdS5 spacetime in Poincaré coordinates (1.32), once we put z = l2

r
(note

a different font used for the holographic radial direction). Dimensionally-continued BTZ black
hole solves the equations of motion for 5D AdS CS gravity. Even more interestingly, we can
solve equations for CS gravity without matter fields such that the torsion is nonzero [86]. Let
us choose a diagonal vielbein for the metric (2.73) and (2.76) such that

e0 =

√
r2

ℓ2
− µ dt, e1 =

1√
r2

ℓ2
− µ

dr , (2.78)

and

e2 = rdψ, e3 = r sinψdθ, e4 = r sinψ sin θdϕ (2.79)
or

e2 = rdx, e3 = rdy, e4 = rdz . (2.80)

In both cases, the nonzero components of torsion are given by

T i = −C
r
εijkejek . (2.81)

where index i ∈ (2, 3, 4). A similar conclusion applies to a general horizon geometry Σ3. We
see that this torsion introduces a new constant C, and we will try to understand its role in
the context of holography and black hole thermodynamics. Note that, generically, C is a new
integration constant, and only for certain solutions preserving some portion of supersymmetry
(half BPS solutions), this constant cannot be considered as an independent integration constant,
and in those cases can be shifted to one.

For latter purposes, we will need the BTZ metric for a nonrotating black hole in Fefferman-
Graham-like coordinates, recal also (1.37). An important property of this coordinate system is
that the component of the metric tensor gρρ, where ρ is the radial direction in the bulk, takes
the form gρρ =

1
4ρ2

, so we make the following change of variables

dr√
r2

ℓ2
− µ

= −ℓdρ
2ρ

. (2.82)

In addition, components gρα should be zero, as they are in our case. Integrating (2.82), we
obtain

ℓ ln

(
r

ℓ
+

√
r2

ℓ2
− µ

)
= − ℓ

2
ln ρ+ c , (2.83)

where c is an integration constant. Equivalently, we have

ρ =
1(

r
ℓ
+
√

r2

ℓ2
− µ

)2 e
2c
ℓ . (2.84)

At this point, we have an ambiguity in choosing a constant c, which is nothing but the ambiguity
in rescaling the radial coordinate in the FG gauge. Taking c = 0, we obtain

r =
ℓ

2

(
1
√
ρ
+ µ

√
ρ

)
, (2.85)
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which matches the choice made in [87]. If we, however, choose c = ℓ ln 2, we obtain a more
natural (for later purposes) choice of radial coordinate, where

r = ℓ

(
1
√
ρ
+
µ

4

√
ρ

)
. (2.86)

Line element for the BTZ BH in these coordinates takes the form

ds2 =
dρ2

4ρ2
+

1

ρ

(
−
(
1− µ

4
ρ+

µ2

16
ρ2
)
dt2 +

(
1 +

µ

4
ρ+

µ2

16
ρ2
)
dθ2
)
. (2.87)
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Chapter 3

Holography

AdS/CFT emerged from string theory as a duality between string theory on AdS5 × S5 and
N = 4 SYM. For the purpose of this thesis, the exact steps of the original derivations in [3]
are not important, and we shall not spend too much time analyzing them. A very concise
formulation of the derivation can be found, for example, in [88], and for convenience, we restate
it here. String theory is a particular way of defining a quantum theory of gravity that starts from
relativistic strings as fundamental constituents of nature and is equipped with many dualities.
A particular type of nonperturbative object present in string theory is a D-brane, introduced
initially as a hypersurface on which open strings can end. Starting point in [3] is a configuration
of N ≫ 1 coincident D3 branes (meaning that the dimension of the hypersurface is four), which
backreact to deform the spacetime to

ds2 =

(
1 +

Nl̃p
r4

)− 1
2

(−dx20 + dx21 + dx22 + dx23) +

(
1 +

Nl̃p
r4

) 1
2

(dr2 + r2dΩ2
5) , (3.1)

where l̃p is a constant related to the Planck’s constant. Taking the limit of small r and changing
variables as z =

√
N

l̃2p
r
, we obtain the line element

ds2 =
√
Nl̃2p

(
1

z2
(
−dx20 + dz2 + dx21 + dx22 + dx23

)
+ dΩ2

5

)
, (3.2)

where we recognize AdS5 spacetime (1.32) and the line element of a five-sphere, so that the
total manifold is AdS5 × S5. It turns out that in the limit r → 0 is the so-called decoupling
limit, where D branes do not interact with other ingredients in the theory, and their dynamics
is described using a supersymmetric version of the Yang-Mills theory: N = 4 super Yang-
Mills in four dimensions, with gauge group SU(N). Hence, there is a relation between string
theory (and, thus, quantum gravity) on AdS × S5 and quantum field theory (a specific one)
in four dimensions. Furthermore, N = 4 super Yang-Mills is actually conformally invariant,
and therefore, we reached the AdS/CFT duality. In its full generality, this duality should
relate the whole, nonperturbative theory of quantum gravity to CFT. Still, the validity of this
claim is hard to prove, as both string theory and QFT are best understood as perturbative
theories. Therefore, most of the research conducted in this direction works within a limit where
the gravitational side of the correspondence is well-approximated using the classical theory of
gravity. One should, of course, have in mind that this is just a limit, and eventually we should go
beyond it. As a matter of nomenclature, we will call those considerations that derive the duality
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from string-theoretic arguments a top-down approach to holographic duality (or AdS/CFT) and
those that are based on analysing certain low-energy approximations a bottom-up approach.

As explained in the introduction, the main focus of this thesis is the analysis of Riemann-
Cartan spacetimes on the gravitational side of the duality. In this sense, we go beyond the
traditional Riemannian description of classical gravity. However, in Chapter 7 we will try to
formulate a boundary theory where the higher-dimensional dual does not have a geometric
spacetime described using smooth manifolds. Before doing that, we need to introduce the main
technical points of classical computations, which we generalize in this thesis. We will start this
section by analyzing the simplest setup in which the connection between AdS spacetime and
CFT emerges: a noninteracting massive scalar field in AdS. Furthermore, we will comment on
how to incorporate other matter fields and, eventually, the gravitational field into the story.
Next, we will analyse five-dimensional CS gravity [25] and therefore set up a formalism for
dealing with Riemann-Cartan bulk in gravity theory.

3.1 Example: free scalar field on AdS spacetime

Let ϕ(t, z, x⃗) denote a scalar field in AdS spacetime, described using coordinates (1.32). Klein-
Gordon equation for minimally-coupled massive scalar field in AdS geometry is

□ϕ−m2ϕ =
1√
−g

∂µ
(√

−ggµν∂νϕ
)
−m2ϕ = 0 . (3.3)

For concreteness, in this subsection, we will explicitly do the computations in AdS3, but we
will state the results also for any number of spacetime dimensions. Substituting Poincaré
coordinates (1.32), equation (3.3) becomes(

z2
(
−∂2t + ∂2x

)
+ z2∂2z − z∂z −m2

)
ϕ = 0 . (3.4)

Because of the translational symmetry in t and x directions, we take the following ansatz,
ϕ = e−iωt+ikxf(z), which results in the following equation in the holographic radial coordinate(

z2
(
ω2 − k2

)
+ z2

d2

dz2
− z

d

dz
−m2

)
f(z) = 0 , (3.5)

with two independent solutions z Jν(
√
ω2 − k2z) and z Yν(

√
ω2 − k2z). In this formulas Jν and

Yν are Bessel’s functions of order ν =
√
1 +m2. In order to quantize the theory, we shall work

only with normalizable modes under the scalar product

(ϕ1, ϕ2) = −i
∫
Σ

dΣµ
(
ϕ1(∂µϕ

∗
2)− (∂µϕ1)ϕ

∗
2

)
, (3.6)

with Σ being a Cauchy hypersurface, henceforth taken to be given by t = const, and therefore
the only nonzero component of dΣµ is

dΣ0 = dzdx
√
|h|n0 = dzdx

1

z
. (3.7)

Here, h is the induced metric on Σ, and nµ is a normalized normal to Σ. As metric (1.32)
is diagonal, it is given by nµ = (A, 0, 0, 0), where A = z follows from nµnµ = −1. Mode
z Jν(

√
ω2 − k2z), in the lmit of z → 0, behaves as ∼ z∆, while mode z Yν(

√
ω2 − k2z) in this
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limit behaves as ∼ z2−∆. For ∆ > 2 (which implies m2 > 0), only the first mode is normalizable,
as
∫
dz 1

z
z2∆ converges around zero for 2∆− 1 > −1. Note that for ∆ ∈ [0, 2], both modes are

normalizable. Even though this regime implies m2 ≤ 0, it turns out that it is consistent for
the m2 parameter to be negative in AdS spacetime, as long as ∆ ≥ 0. Scalar field is stable in
this regime of parameters, and the bound m2 ≥ −d2

4
is called the BF (Breitenlohner-Freedman)

bound [89].

Finaly, we should normalize modes ϕω,k(t, z, x) = c e−i(ωt−kx) z Jν
(√

ω2 − k2 z
)
. Direct com-

putation gives

(ϕω1,k1 , ϕω2,k2) = −i|c|2
∫
Σ

dzdx z

(
iω2e

−i(ω1t−k1x)+i(ω2t−k2x)Jν

(√
ω2
1 − k21 z

)
Jν

(√
ω2
2 − k22 z

)

+ (1 ↔ 2)∗
)

= 4π|c|2δ(k1 − k2)
ω√

ω2 − k2
δ

(√
ω2
1 − k21 −

√
ω2
2 − k22

)
= 4π|c2|δ(k1 − k2)δ(ω1 − ω2) . (3.8)

We, therefore, use modes

ϕω,k(t, z, x) =
z√
4π

e−i(ωt−kx)Jν

(√
ω2 − k2 z

)
, (3.9)

in the rest of the computation. For future references, note that in the case of AdS2, we would
obtain modes

ϕω(t, z) =
1

2

√
zJν(ωz) . (3.10)

The next step is to formulate a quantum field theory in a curved background and calculate
the bulk two-point function

⟨0|ϕ(x1, z1)ϕ(x2, z2)|0⟩ . (3.11)

We perform canonical quantization, with (3.9) for ω > 0 as positive energy modes, and corre-
sponding creation and annihilation operators a†ω,k and aω,k. Quantum field is expanded as

ϕ(z, x, t) =

∫ ∞

0

dω

∫ ω

−ω
dk
(
ϕω,k aω,k + ϕ∗

ω,k a
†
ω,k

)
, (3.12)

where
[
aω1,k1 , a

†
ω2,k2

]
= δ(ω1 − ω2)δ(k1 − k2) and aω,k|0⟩ = 0. We integrate only over modes

with k2 < ω2, otherwise the argument of Bessel’s function becomes imaginary, and modes are
no longer normalizable. A simple computation then yields the two-point function

z1z2
4π

∞∫
0

dω

ω∫
−ω

dk e−iω(t1−t2)+ik(x1−x2)Jν

(√
ω2 − k2 z1

)
Jν

(√
ω2 − k2 z2

)
. (3.13)

Performing the change of variables

ω = Ωcosh θ , k = Ω sinh θ , (3.14)

results in
z1z2
4π

∞∫
0

dΩΩ Jν(Ωz1)Jν(Ωz2)

∞∫
−∞

dθ e−iΩ(t1−t2) cosh θ+iΩ(x1−x2) sinh θ . (3.15)
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The second integral may be computed using the identity [90]

∞∫
−∞

dθ eiz cosh θ+iζ sinh θ = πiH
(1)
0

(√
z2 − ζ2

)
, Im(z ± ζ) > 0 . (3.16)

As we work in Lorentzian signature, we have to choose a contour of integration suitably. We
take the iϵ perscription to set z = −Ωt12 + iϵ and ζ = Ωx12 in (3.16) to get

z1z2
2π

∞∫
0

dΩΩ Jν(Ωz1) Jν(Ωz2)K0

(
Ω
√
x212 − t212

)
, (3.17)

where we set ε to zero. This integral can be analytically expressed as [91]

1

2π

2ν√
ζ(ζ + 4)

(
ζ + 2 +

√
ζ(ζ + 4)

)−ν
, (3.18)

where
ζ =

ηµν(x1 − x2)
µ(x1 − x2)

ν + (z1 − z2)
2

z1z2
, (3.19)

is the chordal distance, related to the geodesic distance between points in AdS. Performing
similar calculations in a general number of bulk dimensions (D = d + 1), the result for the
two-point function would be

C∆

ζ∆
2F1

(
∆,∆− d− 1

2
; 2∆− d+ 1;−4

ζ

)
, (3.20)

with normalization
C∆ =

Γ(∆)

2π
d
2 Γ
(
∆− d

2
+ 1
) , (3.21)

and where we defined

∆ =
d

2
+

√(
d

2

)2

+m2 . (3.22)

We are not done yet, as our final goal is to obtain boundary correlation functions. In order
to do this, we use the extrapolate dictionary of AdS/CFT [92]. We assume that the boundary
operators are obtained from a suitable renormalized limit of bulk fields as

O(t, x⃗) = z−∆ϕ(z, t, x⃗) . (3.23)

More precisely, when computing the correlation functions of boundary operators, we first take
the bulk correlation functions, take the limit z → 0, and strip off conformal z−∆ factors.

In the case of AdS3, we have

Gcomm
bb (z1, t1, x1; z2, t2, x2) → (z1z2)

∆ 1

2π (−(t1 − t2)2 + (x1 − x2)2)
∆
, (3.24)

so that the two-point function of the boundary operator is given by

G∂∂(t1, x1, t2, x2) = ⟨O(t1, x1)O(t2, x2)⟩ =
1

2π (−(t1 − t2)2 + (x1 − x2)2)
∆
. (3.25)
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This is precisely the conformal two-point function of two primary scalar fields with confor-
mal dimension ∆, in the Lorentzian signature. CFT is more commonly studied in Euclidean
signature, and the two-point function in this case is usually written as

⟨O(x⃗1)O(x⃗2)⟩ =
C∆

|x1 − x2|2∆
. (3.26)

On the other hand, we can use the GPKW dictionary to obtain the boundary two-point
function. Let us illustrate this. What follows is a very common derivation, and we choose to
follow [93], while making some comments along the way. Consider the Euclidean action for a
massive scalar field in a curved background,

SE = −1

2

∫
d3x

√
g
(
gµν∂µϕ∂νϕ−m2ϕ2

)
. (3.27)

After partial integration, we are left with

SE =
1

2

∫
d3x

[
ϕ ∂µ (

√
ggµν∂νϕ)−m2

]
− 1

2

∫
d3x ∂µ (

√
ggµνϕ∂νϕ) (3.28)

where only the second term is not zero on-shell. Using the Stokes theorem, this gives a boundary
term 1

−
∫

dΣµ gµνϕ∂
νϕ . (3.29)

Before analysing this boundary term further, let us comment on the KG equation in Euclidean
signature and its solutions. Similarly to (3.4), for the case of Euclidean AdS3 we have

z2
(
∂2τ + ∂2x

)
ϕ+ z2∂2zϕ− z∂zϕ−m2ϕ = 0 . (3.30)

Again, because of translational invariance, we take ansatz ϕ = eik1τ+ik2xfk⃗(z), which is formaly
introduced via Furier transform

ϕ(τ, z, x) =

∫
d2k

(2π)2
eik1τ+ik2xfk⃗(z) . (3.31)

Being interested in the asymptotics around the boundary z → 0, we make a further ansatz
fk⃗ ∼ zα. Substituting this back into (3.31), and discarding the small term ∼ k2z2zα, we are
left with

zα
(
α2 − 2α−m2

)
= 0 . (3.32)

This equation has two solutions

α1 = 1−
√
1 +m2 , α2 = 1 +

√
1 +m2 . (3.33)

A generic solution of a second-order equation (3.31) therefore behaves as

fk⃗(z) ∼ z1−
√
1+m2

(
ϕ0(k⃗) + . . .

)
+ z1+

√
1+m2

(φ(k⃗) + . . . ) (3.34)

Similar calculation for Euclidean AdSd would result in the following asymptotic form of the
field ϕ:

ϕ(z, xα) = zd−∆ (ϕ0(x
α) + . . . ) + z∆(φ(xα) + . . . ) . (3.35)

1Note that the bulk term would anyway vanish in the variation, as it is proportional to the equations of
motion.
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We can now make a more precise statement about the GPKW dictionary (1.15). Field ϕ0

takes the role of a source in a dual field theory. From the bulk point of view, we put Dirichlet
boundary conditions on this field. Field φ, on the other hand, turns out to be related to the
one-point function of a dual operator - a claim that we will derive shortly. Actually, what we
stated so far is true only if m2 > 0, as then ∆ > d and it is clear which term in (3.35) diverges
for z → 0 and which goes to zero. If m2 ≤ 0 (recall that the BF bound makes this possible), the
situation is different, and we will not review it here, as we shall not encounter such situations
in this thesis.

Of course, as in Lorentzian signature, the KG equation can be solved analytically, and the
general solution of (3.31) is given by

fK⃗(z) = a(k⃗)zKν

(√
k21 + k22 z

)
+ b(k⃗)zIν

(√
k21 + k22 z

)
, (3.36)

so that the field ϕ(τ, z, x) is given by

ϕ(τ, z, x) =

∫
d2k

(2π)2
eik1τ+ik2x

(
a(k⃗)zKν

(√
k21 + k22 z

)
+ b(k⃗)zIν

(√
k21 + k22 z

))
. (3.37)

However, the mode proportional to the modified Bessel’s function Iν diverges as z → +∞ and
therefore will not be used. The remaining mode tends to zero for z → +∞, so only the z → 0
boundary contribution is relevant in (3.29). In other words, (3.29) becomes∫

Σz

dτdx
√
−gϕgzz∂zϕ . (3.38)

Alternatevely, for noninteger ν, the two indepdendent solutions can be choosen as proportional
to Iν

(√
k21 + k22 z

)
and I−ν

(√
k21 + k22 z

)
, both of which diverge for z → +∞. However, for

a suitable choice of coefficients a(k⃗) and b(k⃗), we can impose the regularity for z → +∞. It
is important to stress that the regularity for z → +∞ imposes that the ratio φ

ϕ0
from (3.34)

is fixed. In other words, the boundary condition for z → 0 will fix the holographic source ϕ0,
while the boundary condition at z → +∞ will fix the ratio φ

ϕ0
and it is precisely this ratio that

will be considered as independent from ϕ0 in future functional differentiations. It is convenient
to define Π =

√
−ggzz∂zϕ and the respective Fourier transform

Π(z, τ, x) =

∫
dk2

(2π)2
eik1τ+ik2xΠk⃗(z) , (3.39)

such that the on-shell action can be written as

SE|on−shell =
1

2

∫
Σz

d2k

(2π)2
Π−k⃗(z)fk⃗(z) . (3.40)

3.1.1 Holographic renormalization

In this section, we introduce an important concept of holographic renormalization. Renormal-
ization in QFT is a well-known procedure to obtain finite, experimentally measurable values of
physical observables. Similarly, here we find that the result (3.40) is divergent, due to integra-
tion over a small z region. In order to remove this divergence, the spacetime boundary is set
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to z = ε. Ideally, we would like to send ε→ 0, however, at this step, this is not possible as the
on-shell action takes the form

SE|on−shell =
1

2

∫
d2k

(2π)2

(
ε−2ν(1−∆)ϕ0(−k⃗)ϕ0(k⃗) + ϕ0(−k⃗)φ(k⃗)

)
. (3.41)

In order to remove this divergence, we introduce a counterterm. We take

Sct = −1−∆

2

∫ √
hϕ2 , (3.42)

where h is the determinant of the induced metric. It turns out that the total action S + Sct is
finite and given by

Sren =
1

2
(2∆− 1)

∫
d2k

(2π)2
ϕ0(−k⃗)φ(k⃗) . (3.43)

Interpreting the field ϕ0 as the holographic source, the renormalized on-shell action (3.43) takes
the standard form

∫
JO for coupling of the operator with respect to the source. More formaly,

we should differentiate the generating functional, here given by the bulk on-shell action, with
respect to the holographic source ϕ0:

⟨Ok⃗⟩ = (2π)d
δSren

δϕ0(−k⃗)
. (3.44)

Keeping the ratio φ(k⃗)

ϕ0(k⃗)
fixed, as explained before, it is easy to show that the one-point function

of the operator dual to the scalar field is given by

⟨Ok⃗⟩ = (2∆− 1)φ(k⃗) . (3.45)

We have been working in the momentum basis, but it is easy to perform the Fourier transfor-
mation to get

⟨O(τ, x)⟩ = (2∆− 1)φ(τ, x) . (3.46)

This equation demonstrates that the one-point function is indeed given by the φ field. By
making another functional differentiation of (3.45) with respect to ϕ0, again taking in mind
that the ration φ

ϕ0
is fixed, we obtain the two-point function as

G(k⃗) = (2∆− 1)
φ(k⃗)

ϕ0(k⃗)
. (3.47)

To make a concrete computation, note that we have

zKν(kz) = (kz)−ν
(
2ν−1Γ(ν)z +O

(
z3
))

+ (kz)ν
(
2−ν−1Γ(−ν)z +O

(
z3
))
, (3.48)

so that we have
G(k⃗) = (2∆− 1)

Γ(−ν)
Γ(ν)

2−2νk2ν . (3.49)

It then remains to perform the Fourier transform of this result to the position space. Even
though this is not a well-defined convergent integral, just from dimensional analysis we see that
the result will behave as |τ 2 + x2|−∆. This indeed matches the result (3.26). Computing the
Fourier transformation as in [93] results in

⟨O(τ1, x1)O(τ2, x2)⟩ =
(2∆− 1)Γ(∆)

πΓ(1−∆)

1

((τ1 − τ2)2 + (x1 − x2)2)∆
. (3.50)

38



CHAPTER 3. HOLOGRAPHY

Apart from the mismatch in numerical overall constants (which are usually set to one), we
indeed arrived at (3.26).

The previous calculation was lengthy, but it provided us with the necessary logic for the rest
of this thesis. Bulk fields provide us with operators in the boundary QFT, and there is a well-
established way of obtaining the correlation functions between those operators that involves
solving the bulk equations of motion and (variation) of the on-shell action. This logic is a
cornerstone for the bottom-up holography approach. For example, if we consider a bulk scalar
field, a bulk gauge field, and AdS black hole solution, from a holographical perspective we are
describing a system that has a global U(1) symmetry, scalar operator O that can condensate
and is considered on a finite temperature (the BH temeprature from the bulk point of view).
This is a minimal setup needed to describe a superfluid and lays the basics for the study of the
holographic superfluid in [22] (usually also referred to as the holographic superconductor).

Even though the previous example illustrates some of the themes that will be presented
in this thesis, one crucial point is missed: we have not calculated the stress-energy tensor
correlation functions at the boundary. In order to do so, we have to vary the spacetime metric
and thus cannot focus solely on the matter fields. Hence, our first example is very atypical as
it corresponds to a boundary CFT without the stress-energy tensor. The resulting boundary
theory in that case is the generalized free field theory (GFF), also known as mean-field theory
[94, 95]. In order to obtain the correlation functions of the boundary stress-energy tensor, we
follow the usual steps of holographic renormalization, keeping in mind that this quantity is
dual to the bulk metric field. First, an appropriate gauge is taken for a metric field, which goes
under the name of Fefferman-Graham gauge (recall (1.37)). It was named after mathematicians
Charles Fefferman and Charles Robin Graham [51], who discovered that any vacuum solution of
Einstein’s equations with negative cosmological constant can be expanded near the conformal
boundary ρ = 0 as

ds2 =
dρ2

4ρ2
+

1

ρ
gαβ(ρ, x)dx

αdxβ , (3.51)

where
gαβ(ρ, x) = g0(x)αβ + ρg2(x)αβ + · · ·+ ρdgd(x)αβ + . . . (3.52)

The (Euclidean) EH action is divergent once computed on this spacetime. This is true even in
the simple case of AdS spacetime. For concreteness, we demonstrate this in five dimensions.
The bulk EH action is given by ∫

ρ=ε

d5x
√
g(R− 2Λ) (3.53)

The equations of motion imply Rµν − 1
2
Rgµν + Λgµν = 0, so that R = 10

3
Λ. The value of the

bulk on-shell action is therefore ∫
ρ=ε

d5x
√
g
4

3
Λ . (3.54)

However, the metric determinant behaves near the asymptotic boundary as √g = 1
ρ3
+. . . , so the

integral (3.54) diverges, with the leading divergence behaving as ε−2. For this reason, suitable
boundary terms have to be added so that the divergences are removed. A very systematic
presentation of holographic renormalization is given in [96]. However, if our focus is to extract
the holographic one-point functions, we can follow the approach presented in [97], which roughly
can be summarized as follows. First, we solve the classical equations of motion to obtain a
solution in the form of a series in the radial variable. Next, we vary the action on-shell, and
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focus on terms that do not contain powers of ρ coordinate. It can be shown that infinite terms
are not important, as one can always add counterterms to remove them. We shall refer to this
statement in the following text as the renormalization theorem. After proper finite boundary
terms are added to ensure the holographic boundary conditions, finite terms are in the form of∫
⟨O⟩δϕ0, so we can trivially read off the one-point functions. We shall not go into details here,

as in the next section we will apply this methodology to analyse the 5D CS gravity.

3.2 5D CS gravity with torsion: boundary spin-current

To the best of our knowledge, the first time some gravitational bulk with torsion was analysed
in the first-order formalism was in [25], where five-dimensional CS gravity was discussed. The
main focus of the analysis was to obtain the FG expansion directly in the first-order formalism
and to extract the one-point functions of dual quantum operators. As the role of metric field is
played by vielbeins, we expect the boundary stress-energy tensor to be dual to this bulk field.
On the other hand, the spin-connection is considered an independent field in the bulk, due to
the presence of the torsion, and we have to understand the nature of the operator dual to this
bulk field. This is a true novelty of working in the first-order formalism and dealing with CS
action in five dimensions, where torsion, as shown in chapter 2, does not have to vanish on-shell.
As this work presents the cornerstone for some of the analysis in this thesis, we will explicitly
mention some important steps from [25]. Note that five-dimensional CS gravity was considered
by a similar group of authors prior to this work in [98], but in the Riemannian sector. The
details of this work were also presented and generalized in [79].

The first step of the holographic analysis in [25] was to analyse the equations of motion〈
TaF

2
〉
= 0 for the 5D CS action, assuming that the underlying manifold has the asymptotic

structure R×M4. Using the index ρ for the radial direction associated with the submanifold
R in the direct product, it was shown that, relying on the results of a canonical analysis, for a
generic solution of equations of motion, identity

FAB
ρα = FAB

αβ N β , (3.55)

holds, with F being the AdS curvature. N β are arbitrary functions, related to the gauge
transformations, and we can work in a gauge where N β = 0, thus implying FAB

ρα for a generic
solution. The exact nature of those generic solutions will not be of importance here, for details
we refer to [99, 100]. Further gauge choice is set by taking all the ρ components of the fields
to be zero, except the e1 = −dρ

2ρ
, where we split the Lorentz indices as (1, a). Furthermore, we

insist that the boundary, defined at the constant ρ, is orthogonal to the bulk, and therefore
e1α = 0. Solving the condition FAB

ρα = 0 then results in the following expansion of fields

e1 = −dρ

2ρ
, ea =

1
√
ρ
(ea + ρk

a
) ,

ωa1 =
1
√
ρ
(ea − ρk

a
) , ωab = ωab . (3.56)

This is the Fefferman-Graham gauge, here derived for the case of five-dimensional CS gravity2.
Note that the FG expansion is finite, while the FG expansion for five-dimensional EH gravity
is not. Actually, only in three dimensions, EH gravity has finite FG expansion, which is closely

2The same FG gauge can be chosen in CS gravity in an arbitrary odd number of spacetime dimensions [30].
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related to the CS formulation of 3D gravity. The lower indices take values in {0, 2, 3, 4}. Bulk
metric can then be written as

ds2 =
dρ2

4ρ2
+
ηab
ρ

(
eaαe

b
β + ρ(eaαk

b

β + eaβk
b

α) + ρ2k
a

αk
b

β

)
dxαdxβ . (3.57)

Boundary fields ea and ωab are independent due to the presence of torsional degrees of freedom,
and correspond to the sources in the dual field theory. Further constraints involving also the
field ka follow from the bulk equations of motion

εabcdF
abF cd = 0 , εabcdF

bcT d = 0 ,

εabcdF
bcDkd = 0 , εabcd

(
F cdeeke + 2T cDkd

)
= 0 . (3.58)

where F ab = R
ab

+ 2eak
b
+ 2k

a
eb, and all geometrical tensors are the respective boundary

quantites. These equations play a prominent role in the derivation of Ward identities in the
dual theory and in the anomaly computations. The GPKW dictionary can now be schematically
written as ∫

DeDωeiS ≈ eiSon−shell = eiWCFT [e,ω] , (3.59)

such that the one-point functions of operators dual to ea and ωab are obtaied by varying

δWCFT =

∫
∂N

(
δeaτa +

1

2
δωabσab

)
. (3.60)

There are no issues with using the Lorentzian signature, similar to [29]. Now we come to
the unfortunate point where we have to change the notation slightly. When performing bulk
gravitational computations to obtain boundary observables, we will denote the bulk vielbein
and spin connection with hats. Furthermore, bulk Lorentzian indices will be in uppercase,
while boundary indices will be in lowercase. One then starts by varying the on-shell action.
From the renormalization theorem mentioned in the last section, we can focus only on ρ-
independent boundary terms, because all the divergent ones can be removed by a suitable
choice of boundary counterterms. The theorem itself was actually derived after the paper
[25] was written (by a similar group of authors), so the original paper contains the explicit
construction of counterterms. This theorem was intensively used later in [30] when generalizing
results to a higher number of spacetime dimensions.

By making the variation of the action (2.32) on-shell, the bulk term vanishes, and we are
left with

δS|on−shell = −2k

∫
∂N

εABCDE

(
R̂AB +

1

3
êAêB

)
êCδω̂DE . (3.61)

After decomposing the indices as (1, a) and using the FG expansion (3.56), we obtain the
variation

δS|on−shell =4k

∫
∂N

εabcd
((
Rab + 2 eakb

) (
−kcδed + ecδkd

)
+
(
Deakb −Dkaeb

)
δωcd

)
(3.62)

+
2k

3ρ2

∫
∂N

δ
(
εabcde

aebeced
)
− 2κ

ρ

∫
∂N

δ

(
εabcd

(
Rab +

4

3
eakb

)
kced

)
.

As promised, infinite terms can be removed by adding a counterterm, and we are left with a finite
contribution. However, there is an important problem in variation (3.62). While variations δea
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and δωab are consistent with (3.60), the additional variation δka is not. We should remove this
variation by adding a finite counterterm

4κ

∫
εabcd

(
Rab + eaeb

)
kced . (3.63)

This finite counterterm was interpreted in [79] as the GHY boundary term, as its role is precisely
to enforce the Dirichlet boundary conditions on certain fields. This boundary term was also
conjectured to be related to the GHY term in [31], though the exact nature of the connection
between (3.63) and (2.60) is not clear to us. The total, modified action S + Sct + SGHY has
variation

−8k

∫
∂N

εabcd
((
Rab + 2 eakb

)
kcδed − T akbδωcd

)
(3.64)

so that, in accordance with (3.60), we get

τa = ⟨Ta⟩QFT = −8k εabcd
(
Rbc + 2 ebkc

)
kd , (3.65)

σab = ⟨Sab⟩QFT = −16k εabcd T
ckd . (3.66)

Let us illustrate the usage of these results. One-point functions obtained this way can help
us to derive the thermodynamic properties of a black hole, which are dual to thermal states
in a boundary field theory. We shall bring the metric of (2.73) into the FG form, making the
same change of coordinates (2.86) as in the case of the BTZ black hole. The resulting metric is

ds2 =
dρ2

4ρ2
+

1

ρ

(
(1+

µ

2
ρ+

µ2

16
ρ2)(dψ2+sin2 ψ(dθ2+sin2 θdφ2))− (1− µ

2
ρ+

µ2

16
ρ2)dt2

)
. (3.67)

In this section, we shall be interested in the torsionless case, so we can read of the components
in (3.56) directly from the metric. The nonzero components are given by

e0 = dt , ei = eiS , ; k
0 = −µ

4
dt, ki =

µ

4
eiS, (3.68)

where eiS and ωabS stand for the vielbein and the spin-connection on S3

e2S = dψ , e3S = sinψdθ , e4S = sinψ sin θdφ . (3.69)

As S3 is a three-dimensional manifold, we define ωijS = εijkωS k. It turns out that ωiS = eiS. The
energy density is given by the component T 00 of the stress-energy tensor. This means that we
have

ϵ =
E

V
= ⟨T00⟩ = − 2√

−g
δW

δg00
. (3.70)

Note that, using the concrete form of the metric and vielbein, we see that the following set of
equalities holds

δW

δe00
=
δW

δg00
δg00

δe00
=
δW

δg00
δ(e00e

00)

δe00
=
δW

δg00
2e00 = −2

δW

δg00
. (3.71)

Therefore, we need to compute the τ0 component of (3.65). It is given by

τ0 = kεijk

(
1 +

µ

2

) µ
4
eiSe

j
Se

k
S, (3.72)
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where we have used that for a sphere, we have Rij = eiSe
j
S. From this, we obtain

⟨T00⟩ =
k

sin2 ψ sin θ

µ

8
(µ+ 2)6 sin2 ψ sin θ =

3

4
kµ(µ+ 2). (3.73)

Using AdS/CFT, this gives the mass of the corresponding black hole once we integrate over the
boundary volume (S3 with unit radius). We have

M =

∫
S3

3

4
kµ(µ+ 2)dV =

3π2

2
kµ(µ+ 2). (3.74)

This result was also derived in [98] using holography, though not relying on the first-order for-
malism. We can now compute the entropy of this black hole using the fact that its temperature
is given by (2.68). Demanding that we have TdS = dM , we obtain

dS =
3π3k
√
µ

(2µ+ 2) dµ. (3.75)

Integrating and demanding that for µ = 0 we get zero entropy, we finally obtain

S = 4π3k
√
µ (µ+ 3) . (3.76)

This result matches the one derived in [85].

3.3 Ryu-Takayanagi formula

In this section, we will analyze one of the most important formulas that appears in the study
of holographic duality [23]. As this duality relates QFT to gravity, and gravity is (classically)
described using geometry, it is expected that certain field-theory quantities that are usually
computed by performing operations on a Hilbert space of the quantum system are given as
geometrical quantities in the bulk. One such quantity is the entanglement entropy of the
spacetime region at the boundary. Consider the boundary QFT and assume that on a constant
time slice, we focus on a certain region A. For illustrative purposes, we restrict to three bulk
spacetime dimensions, and therefore, our constant time slice is one-dimensional. Region A is
taken to be a single interval, see figure 3.1.

Figure 3.1: Region A on the line whose entanglement entropy we compute.

Assume that the system (CFT) is in a time symmetric (not necessarily pure) state ρ [88].
We can perform a partial trace of this state over all the degrees of freedom located outside of
A to obtain a reduced density matrix

ρA = TrAρ . (3.77)

Von Neumann entropy is then defined as

SvN = −Tr (ρA ln ρA) . (3.78)
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This entropy enjoys a few important properties. First, let us note that this quantity is well-
defined for finite-dimensional quantum mechanical systems, while in the case of a field theory,
it is far from trivial to see whether this quantity is well-defined. Actually, as quantum field
theory generically has infinitely many degrees of freedom, it is expected that the von-Neunmann
entropy will be divergent, due to a considerable amount of entanglement at the border of the
region. For example, it is well-known that in CFT2 in the ground state on a line, von-Neunmann
entropy of an interval with length L is given by [101]

SEE =
c

3
ln

(
L

ε

)
, (3.79)

where ε is the UV regulator. Note that this quantity is often referred to as the entanglement
entropy, because if computed for a bipartite system in a pure state, it gives a quantitative
measurement of entanglement. In addition, note that to be mathematically more rigorous, one
may consider relative entanglement entropy, which does not suffer from UV divergences, but
we shall not analyse it here.

Figure 3.2: Holographic picture of computing entanglement entropy using RT formula.

It is precisely this quantity, the von-Neunmann entropy, that has a nice geometrical inter-
pretation, using holographic duality. Assuming boundary CFT has a semi-classical bulk dual,
it was conjectured by Ruy and Takayanagi [23] that the entanglement entropy is obtained as
the area of a minimal codimension-two surface propagating through the bulk and anchoring
the boundary at the endpoints of the respective boundary region.

SEE = min
Ξ∼L

A(Ξ)

4GNℏ
. (3.80)

For future references, we omit ℏ. Let us now illustrate the usage of formula (3.80) for AdS3 in
Poincaré coordinates (1.32). Geodesics anchoring the boundary z = 0 are given as a semicircle
[102], see figure 3.2. Focusing on a boundary interval of length L, we can parametrize the
geodesics as

z =
L

2
sin θ , x =

L

2
cos θ . (3.81)

With this parametrization, we have

ds2 =
ℓ2dθ2

sin2 θ
. (3.82)
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The total length of the arc is then

2

∫ π
2

2ε
L

ℓdθ

sin θ
, (3.83)

where we had to introduce a cut-off at z = L
2
sin 2ε

L
≈ ε, for small ε. This cut-off is similar

in spirit to the previously introduced cut-off in holographic renormalization. Performing this
integral and using (3.80) yields the following entanglement entropy formula

SEE =
ℓ

2G
ln

(
L

ε

)
. (3.84)

Comparing this with (3.79) we see they both have the same form, and coincide if we take
c = 3ℓ

2G
. This is precisely the value for the boundary central charge obtained before the modern

incarnation of AdS/CFT duality [15], as explained in the introduction. This simple example
not only supports the validity of the RT conjecture but also illustrates an important property
of AdS/CFT duality. The cut-off ε in (3.79) was introduced as an UV cut-off, present because
of the divergences in QFT for large energies (small distances). On the other hand, the cut-off
in (3.84) was introduced because of the infinities that arise when approaching the asymptotic
infinity, implying this is an IR cut-off. The fact that (3.79) coincides with (3.84) illustrates
that AdS/CFT is a UV/IR duality.

While the previous computation provides support for the validity of the RT conjecture, it
does not prove it for a more general spacetime. Luckily, conjecture was proved in [103]. As far as
we know, there are no generalizations of this formula to a gravity theory with Riemann-Cartan
bulk. The closest approach to studying the RT formula on Riemann Cartan spacetime can be
found in [62], where they used the CS description of three-dimensional gravity to reformulate
the RT formula using gravitational Wilson lines. An important aspect in the derivation of
the RT formula is that we need to introduce conical defects in the bulk. On the CFT side,
entanglement entropy is usually derived using the replica trick, with twist operators enforcing
precisely this type of singularity when moving between different sheets of the replica manifold.
We shall not explain in more detail here the derivation of the RT formula, as we will try to
generalize it to the Riemann-Cartan spacetime in chapter 5, relying on the CS description from
[62]. In the next, final section of this Chapter, we will discuss how to incorporate boundaries
into the dual field theory, leading to the AdS/BCFT duality.

3.4 AdS/BCFT

It is a mathematical fact that the boundary of a boundary of a manifold (∂2N ) is empty. In
order to explain this, let us consider an example of a unit ball in R3, that is B = {(x, y, z) ∈
R, x2+y2+z2 ≤ 1}. Boundary ∂B is given by a two-sphere S2 = {(x, y, z) ∈ R, x2+y2+z2 ≤ 1}.
Clearly, S2 is a manifold without a boundary, therefore ∂2B = ∅. Furthermore, this statement
is closely related to the fact that d2 = 0. Integrating d2f over some n-dimenisonal manifold N
and applying the Stokes theorem twice, we have∫

N
d2f =

∫
∂N

df =

∫
∂2N

f. (3.85)

Becase f is an arbitrary n − 2 form, ∂2N = ∅. As in AdS/CFT, quantum field theory is
defined on the asymptotic boundary of the bulk spacetime, and boundary theory does not
have its own boundary. This contradicts many interesting examples where the boundary of
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real-life systems plays an important role. A CFT defined on a manifold with boundary and
certain boundary conditions that preserve some conformal transformations at the boundary is
called the boundary conformal field theory (BCFT) [104]. A natural question we should ask
is if we can construct a bottom-up version of holographic duality, relating asymptotically AdS
spacetime and boundary CFT - the AdS/BCFT duality.

A positive answer to this question was given in [105]. The boundary of a bulk spacetime is
given by a union of asymptotic boundaries, where the CFT is defined, and another codimension-
one hypersurface, which we will call the End-of-the-World (E.o.W.) brane (see Figure 3.3),
denoted as Q. Total action for the gravitational bulk is then

1

16πG

∫
N
d3x

√
−g (R + 2) +

1

8πG

∫
Q
d2y

√
|h|(K − T ) , (3.86)

(the AdS radius is set to unity) where we omitted all the boundary terms at the CFT boundary,
as they should be treated in the same way as in the standard AdS/CFT. However, on the E.o.W,
we added the brane tension term, as the simplest choice for the brane action (along with the
necessary GHY term). Variation of the metric at the boundary then results in∫

∂N
dy2
√

|h|
(
Kαβ − (K − T )hαβ

)
δhαβ. (3.87)

which, apart from the brane tension term, is a result following from general considerations in
section 2.3.2. Here, in order to make the action stationary, we will not impose the Dirichlet
boundary conditions along Q, but rather the Neumann boundary conditions, which imply that
along the brane we must have

Kαβ − (K − T )hαβ = 0 . (3.88)

This equation enables one to obtain the brane profile. A more relevant approach to our work

Figure 3.3: A simplified picture showing the setup for the AdS/BCFT.

was presented in [106], where the CS formulation of three-dimensional gravity (without torsion)
was considered as the bulk dual in AdS/BCFT. Total action takes the form

κ

∫
N
εabc

(
Rabec +

1

3
eaebec

)
− 2κ

∫
Q
εabce

anbdnc + κ

∫
Q
ea(δba − nan

b)εbcdω
cd

+ κT

∫
Q
εabcn

aebec , (3.89)

where we included the GHY term in the first-order formulation (see section 2.3.2). Again,
we should impose standard Dirichlet boundary conditions (for holographic sources) at the
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asymptotic boundary M and Neumann boundary conditions at N . Novelty in [106] is to
consider also the field na as independent in variation. Again, the on-shell variation of the bulk
part of the action vanishes, leaving us only with boundary terms. It is easy to see that the role
of the GHY term, written as in (3.89), is to provide the boundary condition

nae
a|Q = 0 , (3.90)

which implies that na is orthogonal to the boundary Q. More precisely, if we exchange the local
Lorentz index a with the coordinate one µ using vielbein, we have

nae
a
µdx

µ|Q = nµdx
µ|Q = 0 ⇒ nµ ⊥ Q . (3.91)

Thus, the normality condition is imposed "dynamically", not postulated a priori. The other
two equations are given by

(ηab − nanb)ω
b + ϵabcn

bdnc − Tϵabcn
bec = 0 , (3.92)

(ηda − ndna)
(
4ϵabce

bdnc + 4nbe
bωa − Tϵabce

bec
)
= 0 . (3.93)

Details on the derivation of these equations, and their solutions are presented in [106]; we will
not review them here as we will be dealing with the MB theory with translational CS term and
without boundary gravitational anomaly in Chapter 5. Finally, note that the AdS/BCFT is
closely connected to the study of the BH’s information loss paradox, see for example [107].
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Chapter 4

Chamseddine’s topological gravity

This chapter is based on author’s work [67, 108].

Chern-Simons gravity offers a well-defined gauge-theoretic formulation of gravity theory in
any odd number of spacetime dimensions. The action is defined as a top form in the respective
number of dimensions and does not contain the metric field. In this sense, we call this type
of action topological. Note that this does not necessarily mean there is no local dynamics,
and indeed, if the number of dimensions is bigger than three, local degrees of freedom exist in
CS theory [99]. Unfortunately, the CS form is not defined in an even number of dimensions
[109], and one has to consider a different action to generalize this topological gravity to even-
dimensional space-time. The generalization was proposed in [110] by Chamseddine and will be
referred to as Chamseddine’s topological gravity (CTG) in this thesis. The action involves, in
addition to vielbein and spin-connection, a multiplet of scalar fields. Those scalar fields are a
novelty of this model and can be obtained through the process of dimensional reduction.

It is, of course, important to further motivate our study of CTG. As we will see later, in two
dimensions, this model is related to JT gravity [37, 111], which has been thoroughly explored
in the past. One may then say that the CTG is a natural generalization of JT gravity to any
number of even dimensions. Further, CTG is used in specific approaches to four-dimensional EH
gravity from the AdS gauge group [39]. Another theory, that shares similar properties, is the
BF formulation of gravity in any number of spacetime dimensions. This action is often used in
loop quantum gravity. However, if we are not interested precisely in Einstein’s gravity, but seek
some more drastic deformation of it, CTG gravity seems a more interesting candidate for our
study. It is closely related to CS gravity in odd dimensions, and offers an interesting playground
for understanding boundary terms in four-dimensional first-order gravity. Furthermore, as we
shall see, the form of the action resembles that of a non-Abelian axion theory. Apart from
motivating the CTG itself, we shall say a few words about the general idea of dimensional
reduction. Through this thesis, we work in different numbers of spacetime dimensions, and
one way to connect gravity theories in spacetimes with different dimensionality is precisely
through this mechanism. Historically, it was realized by Kaluza and Klein [112, 113] that one
can consider a five-dimensional theory of gravity to obtain an effective four-dimensional model
of gravity, involving other matter fields as well. Today, the term Kaluza-Klein (KK) procedure
corresponds to taking a higher-dimensional theory (usually involving gravity) and decomposing
its fields in a natural way on a manifold that is a direct product of a lower-dimensional spacetime
and some internal space. In a simplest example of going from a five-dimensional spacetime to
a four-dimensional spacetime, the internal manifold in S1, though in considerations involving
string theory (which is defined in ten spacetime dimensions), internal space is usually more
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complicated. Furthermore, fields are decomposed in terms of internal spacetime modes (for S1

example, this is a simple Fourier transform). Modes with higher KK momentum are heavy in the
limit where the extra dimension is small and can be neglected in a low-energy approximation.
Therefore, the simplest, yet meaningful approximation we can make is to consider only the
subsector of zero KK modes: fields that do not depend on the internal space coordinates. We
shall reserve the name dimensional reduction, or KK reduction, for this procedure. Yet, there is
another motivation for considering this procedure, which does not require the existence of small
extra dimensions. Often, we are interested in spacetimes with certain symmetries. For example,
working with EH theory in four spacetime dimensions, we may wish to consider only spherically
symmetric spacetimes. For this reason, we decompose our spacetime into Σ2×S2 and assume the
ansatz for our fields that respects the SO(3) symmetry of a sphere: the s-wave approximations.
This logic is more useful when starting from a realistic (or potentially interesting on its own)
model and making approximations to create a simpler one, whereas the former one is more
natural when trying to explain the physics around us using a higher-dimensional model.

4.1 Dimensional reduction from 5D CS

In this section, we will explicitly demonstrate how to obtain the 4D CTG starting from the 5D
CS AdS gravity for AdS group. Most of what we say here can be repeated for the dS group,
though we will not need this generalization in the thesis. This relation was proved in [110], and
here we will rederive it, following the author’s work in [110], see also [114]. As we shall go over
different spacetime dimensions in this chapter, we will again have to introduce new notation,
reserved whenever we do dimensional reduction; we believe this is, unfortunately, necessary, as
any other choice would potentially induce confusion. Vielbein and spin-connection in 5D CS
gravity will be denoted as EA and ΩAB. Five-dimensional spacetime indices will be denoted
with a hat. A subsequent notation will hopefully be clear. We start with five dimenisonal AdS
CS action, rewritten again as

S
(5)
CS =

−ik
3

∫
Tr
(
F 3
)
=
k

8

∫
εABCDE

( 1

5ℓ5
EAEBECEDEE +

2

3ℓ3
EAEBECRDE

+
1

ℓ
EARBCRDE

)
. (4.1)

We expand spacetime indices as µ̂ = (xµ, y) where µ̂ = 0, 1, 2, 3, 4 and µ = 0, 1, 2, 3 and x4̂ ≡ y.
The extra spatial dimension is compactified into a circle of radius R.

S
(5)
CS = −k

8

∫
d4xdy εµ̂ν̂ρ̂σ̂τ̂εABCDE

(
1

5ℓ5
EA
µ̂E

B
ν̂ E

C
ρ̂ E

D
σ̂ E

E
τ̂ +

1

3ℓ3
EA
µ̂E

B
ν̂ E

C
ρ̂ R

DE
σ̂τ̂

+
1

4ℓ
EA
µ̂R

BC
ν̂ρ̂ R

DE
σ̂τ̂

)
. (4.2)

Taking only KK zero-modes into account (this allows us to integrate out y), we get

S
(5)
CS = −(2πR)

k

8

∫
d4x εµνρσ4εABCDE

(
1

ℓ5
EA
µE

B
ν E

C
ρ E

D
σ E

E
4 +

1

ℓ3
EA
µE

B
ν E

C
4 R

DE
ρσ (4.3)

+
2

3ℓ3
EA
µE

B
ν E

C
ρ R

DE
σ4 +

1

4ℓ
EA

4 R
BC
µν R

DE
ρσ +

1

ℓ
EA
µR

BC
νρ R

DE
σ4

)
.
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Now we unpack A = (a, 4) with a = 0, 1, 2, 3.

S
(5)
CS =− (2πR)

k

8

∫
d4x εµνρσ4εabcd4

(
1

ℓ5
Ea
µE

b
νE

c
ρE

d
σE

4
4 −

4

ℓ5
Ea
µE

b
νE

c
ρE

4
σE

d
4 +

2

ℓ3
Ea
µE

b
νE

c
4R

d4
ρσ

+
1

ℓ3
Ea
µE

b
νE

4
4R

cd
ρσ −

2

ℓ3
Ea
µE

4
νE

b
4R

cd
ρσ +

4

3ℓ3
Ea
µE

b
νE

c
ρR

d4
σ4 +

2

ℓ3
Ea
µE

b
νE

4
ρR

cd
σ4 +

1

ℓ
Ea

4R
bc
µνR

d4
ρσ

+
1

4ℓ
E4

4R
ab
µνR

cd
ρσ +

2

ℓ
Ea
µR

bc
νρR

d4
σ4 +

2

ℓ
Ea
µR

b4
νρR

cd
σ4 +

1

ℓ
E4
µR

ab
νρR

cd
σ4

)
. (4.4)

To keep track of the different gauge fields presented, let us go through the details of notation
regaarding the gauge fields in this section. Master gauge field AÂB̂µ̂ has SO(4, 2) indices Â, B̂ =

0, 1, 2, 3, 4, 5 and also a spacetime index µ̂ = 0, 1, 2, 3, 4. It is decomposed into AÂB̂µ̂ = (AABµ̂ ≡
ΩAB
µ̂ , AA5µ̂ ≡ 1

l
EA
µ̂ ) with SO(3, 2) indices A,B = 0, 1, 2, 3, 4. Furthermore, we have the following

structure:

ΩAB
µ̂


Ωab
µ̂

{
Ωab
µ ≡ ωabµ ,

Ωab
4 ,

Ωa4
µ̂

{
Ωa4
µ ,

Ωa4
4 ≡ − 1

ℓ2
ϕa .

(4.5)

EA
µ̂


Ea
µ̂

{
Ea
µ ≡ eaµ ,

Ea
4 ,

E4
µ̂

{
E4
µ ,

E4
4 ≡ 1

ℓ
φ .

(4.6)

Note that the mass dimensions of the fields are given as [Ω] = 1 and [E] = 0. We introduced
4-dimensional spin-connection ωabµ and 4-dimensional vierbein eaµ. We also introduced scalar
fields ϕa = ℓ2Ω4a

4 (a = 0, 1, 2, 3) and φ = ℓE4
4 , both with mass dimension −1. Multiplet (ωabµ , eaµ)

is 4d graviton; (Ωa4
µ , ℓ

−1E4
µ) is 4d vector; (ϕa, φ) is 4d scalar multiplet.

The reduction is effected by setting Ωab
4 = Ea

4 = Ωa4
µ = E4

µ = 0 (truncaton of the fields) and
by demanding that ∂4(. . . ) = 0. One should check whether this is consistent with the reduced
SO(3, 2) gauge symmetry, and, as we shall see in the following, the answer is that it is. We
are then left with a four-dimensional graviton and a scalar (in this context, usually called the
dilaton or radion). From the full curvature components

RAB
µ̂ν̂ = ∂µ̂Ω

AB
ν̂ − ∂ν̂Ω

AB
µ̂ + ΩA

µ̂CΩ
CB
ν̂ − ΩA

ν̂CΩ
CB
µ̂ , (4.7)

only Rab
µν and Ra4

µ4 components remain after reduction. In particular,

Rab
µν = ∂µω

ab
ν − ∂νω

ab
µ + ωaµcω

cb
ν − ωaνcω

cb
µ , (4.8)

Ra4
µ4 = ∂µΩ

a4
4 − ∂4Ω

a4
µ + Ωa

µcΩ
c4
4 − Ωa

4cΩ
c4
µ = ∂µΩ

a4
4 + ωaµcΩ

c4
4 = DµΩ

a4
4 ≡ − 1

ℓ2
Dµϕ

a , (4.9)

Rab
µ4 = ∂µΩ

ab
4 − ∂4Ω

ab
µ + Ωa

µcΩ
cb
4 − Ωa

4cΩ
cb
µ = 0 , (4.10)

Ra4
µν = ∂µΩ

a4
ν − ∂νΩ

a4
µ + Ωa

µcΩ
c4
ν − Ωa

νcΩ
c4
µ = 0 . (4.11)

Note that the covariant derivative appearing in the second equation corresponds to the four-
dimensional spin-connection ωabµ .
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The reduced action becomes:

Sreduced = −(2πR)
k

8

∫
d4x εµνρσεabcd

(
1

ℓ5
eaµe

b
νe
c
ρe
d
σE

4
4 +

1

ℓ3
eaµe

b
νE

4
4R

cd
ρσ +

1

4ℓ
E4

4R
ab
µνR

cd
ρσ

+
4

3ℓ3
eaµe

b
νe
c
ρR

d4
σ4 +

2

ℓ
eaµR

bc
νρR

d4
σ4

)

= −(2πR)
k

8ℓ3

∫
d4x εµνρσεabcd

(
1

ℓ3
eaµe

b
νe
c
ρe
d
σφ+

1

ℓ
eaµe

b
νR

cd
ρσφ+

ℓ

4
Rab
µνR

cd
ρσφ

− 4

3ℓ2
eaµe

b
νe
c
ρDϕ

d − 2eaµR
bc
νρDϕ

d

)

= (2πR)
k

8ℓ2

∫
εabcd

(
1

ℓ4
eaebecedφ+

2

ℓ2
eaebRcdφ+RabRcdφ− 4

3ℓ3
eaebecDϕd

− 4

ℓ
eaRbcDϕd

)
. (4.12)

In the present form, it is not clear whether this reduced action has enlarged gauge SO(3, 2)
symmetry. We shall next prove that it has this symmetry. Gauge indices of this algebra will be
denoted by Ã = (a, 5) with a = 0, 1, 2, 3. These gauge transformations are generated by JÃB̃.
To make the action manifestly invariant, we introduce:

Φ = ΦÃJ4Ã = ΦaJ4a + Φ5J45 = ϕaJ4a + φJ45 , (4.13)

F =
1

2
F ÃB̃JÃB̃ =

1

2
F abJab + F a5Ja5 . (4.14)

The following action is manifestly invariant under SO(3, 2) gauge transformations,

Smanifest = a

∫
Tr (FFΦ) =

a

4

∫
Tr (JÃB̃JC̃D̃J4̃Ẽ)F

ÃB̃F C̃D̃ΦẼ

= −ia
8

∫
εÃB̃C̃D̃ẼF

ÃB̃F C̃D̃ΦẼ . (4.15)

We further show that Sreduced = Smanifest,

Smanifest = −ia
8

∫
εÃB̃C̃D̃ẼF

ÃB̃F C̃D̃ΦẼ

= −ia
8

∫
εabcd5

(
F abF cdΦ5 − 4F abF c5Φd

)
= −ia

8

∫
εabcd

(
F abF cdφ− 4

ℓ
F abDecϕd

)
. (4.16)

After partial integration, we get

Smanifest = −ia
8

∫
εabcd

(
F abF cdφ− 4

3ℓ3
eaebecDϕd − 4

ℓ
eaRbcDϕd

)
(4.17)

= −ia
8

∫
εabcd

(
1

ℓ4
eaebecedφ+

2

ℓ2
eaebRcdφ+RabRcdφ− 4

3ℓ3
eaebecDϕd − 4

ℓ
eaRbcDϕd

)
.
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which is the same as Sreduced provided − ia
8
= (2πR) k

8ℓ2
, i.e. a = i2πRk

ℓ2
. Infinitesimal SO(3, 2)

gauge transformation are given by

δϵA = −Dϵ = −dϵ− [A, ϵ] (4.18)
δϵF = −[F, ϵ] (4.19)

For example, the form Tr (F n) is manifestly gauge invariant,

δϵTr (F
n) = Tr

(
δϵFF

n−1 + · · ·+ F n−1δϵF
)

= nTr
(
[ϵ, F ]F n−1

)
= nTr

(
ϵF n − FϵF n−1

)
= 0 (4.20)

After the KK-reduction, SO(3, 2) gauge transformations with parameter ϵ = 1
2
ϵabJab + ϵa5Ja5

(we set ϵa4 = ϵ45 = 0), the components of the A-field change as

δϵΩ
ab
µ = −∂µϵab − Ωa

µcϵ
cb + Ωb

µcϵ
ca − ℓ−1(Ea

µϵ
b5 − Eb

µϵ
a5) ,

δϵΩ
a4
µ = 0 ,

δϵΩ
ab
4 = 0 ,

δϵΩ
a4
4 = Ω4c

4 ϵ
a
c + ℓ−1E4

4ϵ
a5 ,

ℓ−1δϵE
a
µ = −∂µϵa5 − Ωa

µcϵ
c5 − ℓ−1Ec

µϵ
a
c ,

δϵE
4
µ = 0 ,

δϵE
a
4 = 0 ,

ℓ−1δϵE
4
4 = −Ω4

4cϵ
c5 . (4.21)

On the other hand, action Smanifest is manifestly invariant under SO(3, 2) gauge transformations,
the connection being A = 1

2
ωabµ Jabdx

µ + ℓ−1eaµJa5dx
µ. Connection and Φ field change, under

SO(3, 2) gauge transformation, as

δϵA = −DAϵ , (4.22)
δϵΦ = [ϵ,Φ] , (4.23)

and it is trivial to check that this gives us exactly the same non-trivial transformation rules
as above. We thus proved that five-dimensional SO(4, 2) gauge transformations induce four-
dimensional SO(3, 2) gauge transformations and that the reduced action possesses this gauge
symmetry. With this, we finish the analysis of the dimensional reduction and switch to the
notation tailored for holographic considerations used in (3.61). Finally, the equations of motion,
obtained by varying independently with respect to êA, ω̂AB, ϕ̂A, and φ̂ are given by

εABCD
(
R̂AB + êAêB

)(
R̂CD + êC êD

)
= 0 , (4.24)

εABCDT̂
A
(
R̂BC + êB êC

)
= 0 , (4.25)

εABCD
(
R̂BC + êB êC

)(
Dϕ̂A − φ̂êA

)
= 0 , (4.26)

εABCD
(
2T̂B(Dϕ̂A − φ̂êA) + (R̂AB + êAêB)(dφ̂− ϕ̂E êE)

)
= 0 . (4.27)

The logic of this chapter is summarized in the figure 4.1.

4.1.1 Fefferman-Graham gauge in 4D

In section 3.2, we saw that the FG gauge for the case of 5D CS gravity can be chosen (modulo
subtleties with the gauge transformations) as (3.56). To obtain the corresponding expansion
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formal construction

dimensional reduction

holographic duality

Figure 4.1: A cascade of changes in the number of spacetime dimensions used in this chapter.
In the first step, we have a six-dimensional topological term Tr(F 3), which is used to formally
construct the action for five-dimensional CS theory. We focus on CS gravity and therefore
take the SO(4, 2) gauge group. This theory is then dimensionally reduced to four dimensions
(together with performing a consistent truncation) to obtain a four-dimensional gravity theory
we call Chamseddine’s topological gravity (CTG). We are mostly interested in a holographic
dual to this theory, which lives in three spacetime dimensions.

in CTG, we again note the following. First, the reduction procedure from CS to CTG respects
symmetry as much as possible. Furthermore, the equations of motion for CTG can be obtained
by reducing the ones in CS gravity. Because of these two facts, we obtain the FG gauge in four-
dimensional CFT simply by reducing the one from 5D CS gravity. If this seems unsatisfactory,
note that one can follow the same line of reasoning as in [25] to derive the corresponding
formulas. We explicitly show the reduction. Vielbein and spin-connection in 4D are simply
obtained from the five-dimensional ones as

ê1 = −dρ

2ρ
, êa =

1
√
ρ
(ea + ρka) , (4.28)

ω̂a1 =
1
√
ρ
(ea − ρka) , ω̂ab = ωab . (4.29)

A novelty of this theory is scalar fields, originating from the higher-dimensional vielbein and
spin-connection. From the form of FG gauge for components ê5 and ω̂a5 we obtain the following
expansion

ϕ̂1 =
1
√
ρ
(φ− ρψ) , ϕ̂a = ϕa , φ̂ =

1
√
ρ
(φ+ ρψ) . (4.30)

Alternatively, one can show that, similar to (3.55), we have [115](
F̂ ÂB̂
iρ

DρΦ̂
Ĉ

)
= N j

(
F̂ ÂB̂
ji

DjΦ̂
Ĉ

)
, (4.31)
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and use the same argument as before to derive the FG gauge (4.30). In FG gauge, equations
of motion (4.24)-(4.27) reduce to

εabc
(
Dϕa − 2kaφ− 2eaψ

)(
Rbc + 4ebkc

)
= 0 , (4.32)

εabc
[
(dφ− edϕ

d)Dkc − (dψ − kdϕ
d)T c + (Dϕc − 2ecψ − 2kcφ)edkd

]
= 0 , (4.33)

εabc
[
(dφ− edϕ

d)(Rbc + 4ebkc) + 2(Dϕb − 2kbφ− 2ebψ)T c
]
= 0 , (4.34)

εabc
[
(dψ − kdϕ

d)(Rbc + 4ebkc) + 2(Dϕb − 2kbφ− 2ebψ)Dkc
]
= 0 . (4.35)

Equations (4.24) and (4.25) are automatically satisfied. We illustrate how (4.32) is derived
from (4.26). By taking the last index D = 1 in (4.26), we have

εabc1
(
R̂bc + êbêb

)(
Dϕ̂a − φ̂êa

)
= −εabc

(
dωbc + ωbdω

dc + ω̂b1ω̂
1c + êbêb

)
×(

dϕa + ωabϕ
b + ω̂a1ϕ̂

1 − φ̂êa
)

= −εabc
(
Rbc − 1

ρ

(
eb − ρkb

)
(ec − ρkc) +

1

ρ

(
eb + ρkb

)
(ec + ρkc)

)
×(

Dϕa +
1

ρ
(ea − ρka) (φ− ρψ)− 1

ρ
(φ+ ρψ) (ea + ρka)

)
= −εabc

(
Dϕa − 2kaφ− 2eaψ

)(
Rbc + 4ebkc

)
. (4.36)

Other equations are derived in a similar fashion.

4.1.2 Formal connection with MMCSW gravity

CTG action is not equivalent to EH gravity. However, a close inspection shows that it contains
the EH term, multiplied by a scalar φ. We can then consider a symmetry breaking from
SO(3, 2) to SO(3, 1) implied by taking the scalar multiplied to be of the form

ϕ̂A = (0, 0, 0, 0, ℓ) . (4.37)

The resulting action is given by

Sreduced,SB = (2πR)
k

8ℓ3

∫
εABCD

(
1

ℓ2
êAêB êC êD + 2êAêBR̂CD + ℓ2R̂ABR̂CD

)
, (4.38)

or in the second-order formalism:

Sreduced,SB = (2πR)
k

8ℓ3

∫
d4x
√

−ĝ
[
24

ℓ2
+ 4R̂ + l2

(
R̂2 − 4R̂µνR̂νµ + R̂µνρσR̂ρσµν

)]
. (4.39)

Action obtained in this fashion consists of the EH term, the cosmological constant term, and
the Gauss-Bonnet term in four dimensions. However, in four dimensions, the Gauss-Bonnet
term is topological. Varying

SGB = k

∫
εABCDR̂

ABR̂CD (4.40)

with resprect to vielbein is trivial, and variation with respect to spin-connection gives a bound-
ary term

δ

(∫
εABCDR̂

ABR̂CD

)
= 2

∫
εABCDR̂

ABDδω̂CD = 2

∫
d
(
εABCDR̂

ABδω̂CD
)

=

∫
∂

εABCDR̂
ABδω̂CD . (4.41)
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Similar consideration can be done in the second-order formalism. Therefore, the Gauss-Bonnet
term does not change the equations of motion, and the resulting theory is Einstein’s gravity with
a negative cosmological constant. This procedure can formally be considered as a version of
the MacDowell-Mansouri-Chamseddine-Stelle-West approach to four-dimensional AdS gravity
[38, 39]. The starting idea of this formalism is to make a connection between EH gravity
and gauge theory for the AdS4 gauge group. As EH theory is invariant only under local
Lorentz transformations, and not under the full SO(3, 2) transformations, it is necessary to
impose a symmetry breaking. In this subsection, the symmetry breaking was introduced by
hand, whereas one should hope that, in a more systematic treatment, it would be spontaneous
symmetry breaking. Regardless of this, in what follows, we will often write

4κ =
1

16πGN

, (4.42)

where κ = −ia
8

is the constant multiplying the integral in (4.15), even though we are not dealing
with the EH theory. In the next section, we compute the one-point functions of boundary
operators.

4.2 One-point functions and Weyl anomaly

In order to extract the one-point function of operators dual to appropriate bulk fields, we have
to compute the variation of the on-shell action with respect to boundary sources. Starting from
action (4.15), it is obvious that the total value of the bulk on-shell action is zero. However, we
have to take care of boundary conditions. We interpret fields ea, ωab, φ, and ϕa as boundary
sources and put Dirichlet boundary conditions on those fields. On the other hand, other bulk
fields should be left free to vary at the boundary. We, therefore, supplement the bulk action
with appropriate boundary terms such that these boundary conditions are enough to ensure
the stationarity of the action. To start, note that we have

κ

∫
M4

εÂB̂ĈD̂Ê

(
δΦ̂ÂF̂ B̂ĈF̂ D̂Ê + 2Φ̂ÂδF̂ B̂ĈF̂ D̂Ê

)
. (4.43)

Decomposing indices, we get

κ

∫
M4

εABCD

(
δφ̂F̂BCF̂DE + 2δϕ̂AT̂BF̂CD + 2φ̂δF̂ABF̂CD + 4ϕ̂AδT̂BF̂CD + 4ϕ̂AT̂BδF̂CD

)
.

After some partial integration, putting the variation on-shell yields

δS|on−shell = κ

∫
∂M4

εABCD

(
2φ̂δω̂ABF̂CD + 4ϕ̂AδêBF̂CD + 4ϕ̂AT̂Bδω̂CD

)
. (4.44)

Next, we will insert the FG expansion from the previous section into the variation (4.44),
resulting in

4κ

∫
∂M4

εabc

(1
ρ
(φ+ ρψ)(δea − ρδka)(Rbc + 4ebkc) +

1

ρ
(φ+ ρψ)δωab(T c − ρDkc)

− 1

ρ
(φ− ρψ)(δea + ρka)(Rbc + 4ebkc) +

2

ρ
ϕa(δeb + ρδkb)(T c − ρDkc))

− 1

ρ
(φ− ρψ)(T a + ρDka)δωbc + ϕa(−2edkd)δω

bc +
2

ρ
ϕa(T b + ρDkb)(δec − ρδkc)

)
. (4.45)
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Normally, at this stage, we should regularize the integral by putting the boundary at ρ = ε
and adding counterterms so that all the infinities are removed. While this is necessary for the
EH action (as demonstrated in Chapter 3), here the bulk action is zero on-shell, and we face a
puzzling situation. Luckily, it turns out that there are no infinite terms in (4.45). Focusing on
a term proportional to the negative power of ρ, we have

4κ

∫
∂M4

εabc
1

ρ

(
φδea(Rbc + 4ebkc) + φδωabT c − φδea(Rbc + 4ebkc) + 2ϕaδebT c

−φT aδωbc + 2ϕaT bδec
)
= 0 . (4.46)

Thus, there are no infinities to be eliminated, contrary to the example from EH gravity. Mathe-
matically, this can be understood as a consequence of zero on-shell action supplemented further
by the renormalization theorem. Next, we focus on terms that are finite in the ρ → 0 limit,
because, as we saw in section 3.1, they will provide us with the one-point functions of dual
operators in the boundary QFT, once proper boundary conditions are imposed. Those terms
give

δS|on−shell = 4κ

∫
∂M4

εabc

(
δka
(
− 2φ(Rbc + 4ebkc)− 4ϕbT c

)
+ δea

(
2ψ(Rbc + 4ebkc) + 4ϕbDkc

)
+δωab

(
− 2φDkc + 2ψT c − 2ϕcedkd

))
. (4.47)

At this stage, the role of boundary conditions becomes crucial. Insisting only on Dirichlet
boundary conditions for holographic sources, this variation is not stationary. This is obvious
because of the term proportional to δka. We therefore, following the reasoning of [25] and
[26] (see also section 3.2), add appropriate boundary terms, such that the variation is zero
if the boundary conditions are satisfied. For example, if we focus on the first term in (4.47)
proportional to δka, we have∫

∂M4

εabcδk
aφRbc =

∫
∂M4

εabc
(
δ(kaφRbc)− δφkaRbc − D(kaφ)δωbc

)
, (4.48)

where we also performed partial integration and removed boundary term d(εabcφk
aωbc), because

∂2M = ∅. Performing similar calculations for the rest of the terms, we conclude that by adding
the boundary term

SGHY = 8κ

∫
∂M4

εabc
(
φkaRbc + 2φkakbec + 2kaϕbT c

)
(4.49)

to the action (4.15), resulting variation Smod = Smanifest +SGHY does not contain δka, and thus
can be given a holographic interpretation. Relying on Chapter 3, we can write

δSmod = δW =

∫
∂M4

(
δeaτa +

1

2
δωabσab + δφoφ + δϕaoa

)
, (4.50)

where, in addition to τa and σab from section 3.2, we introduced charges oφ and oa, which
provide us with boundary operators dual to the dilaton-like bulk scalar fields. The explicit
computation gives

δSmod =
1

16πGN

∫
∂M4

εabc

(
δea
(
2ψ(Rbc + 4ebkc)− 4kbDϕc + 4kbkcφ

)
+ δφ

(
2kaRbc + 4kakbec

)
+ δϕa

(
− 4kbT c

))
+ δωab

(
εabc(2ψT

c − 2ϕcedkd − 2kcdφ)

− 4εacdk
cϕdeb

))
. (4.51)
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such that we can read off the one-point functions as

τa = ⟨Ta⟩QFT =
1

16πGN

εabc
(
2ψ(Rbc + 4ebkc)− 4kbDϕc + 4kbkcφ

)
,

σab = ⟨Sab⟩QFT =
1

16πGN

εabc(2ψT
c − 2ϕcedkd − 2kcdφ)− 4εacdk

cϕdeb ,

oφ = ⟨Oφ⟩QFT =
1

8πGN

εabc(k
aRbc + 2kakbec) ,

oa = ⟨Oa⟩QFT = − 1

4πGN

εabck
bT c . (4.52)

These expressions constitute one of the main results of this chapter. Once we have obtained
them, we can continue to discuss the Weyl anomaly.

It is a well-known fact that conformal invariance implies that, classically, the trace of the
energy-momentum tensor vanishes [116]. To prove this, we consider the theory defined by the
action

∫
ddx
√

|g|L and Weyl rescalings of a metric gµν → eω(x)gµν that preserve the action.
Infinitesimal transformation is then given by δgµν = ω(x)gµν(x). We have

δS =

∫
ddx

δ (
√
−gL)

δgµν
δgµν = −2

∫
dxd

√
−gT µνω(x)gµν . (4.53)

On the other hand, if Weyl rescalings are symmetries of the theory (and they are, if we are
interested in CFTs), we have δS = 0, which in turn implies that the stress-energy tensor is
traceless: T µµ = 0.

However, once quantum effects are taken into account, the expectation value ⟨T µµ⟩ does not
have to vanish. For example, for a two-dimensional CFT, this expectation value is proportional
to the Ricci curvature of the underlying Riemann manifold, where the proportionality constant
is given by the central charge of this CFT. This is an example of a quantum anomaly called
the Weyl anomaly. Contrary to this example, in any odd number of spacetime dimensions,
there is no Weyl anomaly. As CTG, as we discussed in this chapter, is defined for even D, the
boundary of the spacetime has an odd number of dimensions d, and therefore, we should get
that the Weyl anomaly is not present. Let us show that this is indeed the case. We have to be
precise about which expression we have to compute, as the nontrivial profile of the dilaton-like
fields generically leads to sources in the dual theory, and therefore, we do not expect that the
stress-energy tensor is traceless even without the anomaly. From a different perspective, field φ̂
comes from the vielbein component ê55, and the five dimensional anomaly expression eA⟨TA⟩QFT

contains the term φ⟨Oφ⟩QFT. The expression we have to compute is therefore

A ≡ ea⟨Ta⟩QFT + φ⟨Oφ⟩QFT . (4.54)

The explicit computation, using (4.26), gives

A =
1

16πGN

εabc
(
2ψeaRbc + 8ψeaebkc − 4eakbDϕc + 8φeakbkc + 2φkaRbc

)
=

1

16πGN

εabc
(
DϕaRbc −

(
Dϕa − 2kaφ− 2eaψ

)(
Rbc + 4ebkc

))
=

1

16πGN

εabcDϕaRbc = d

(
1

16πGN

εabcϕ
aRbc

)
= 0 , (4.55)

where in the last step we have neglected the total derivative because it can be removed by a
suitable redefinition, as standard in anomaly computations. Thus, the Weyl anomaly indeed
vanishes in three-dimensional boundary theory.
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4.2.1 Classical bulk solutions to CTG

The set of equations (4.24)-(4.27) has to be solved in order to obtain bulk geometries. As usual
in gravity theories, this is a set of coupled partial differential equations, and their solutions are
generically hard to obtain. As 4D CFT was obtained by dimensional reduction from 5D CS
gravity, it is natural to seek a black hole solution that is a reduction of the black hole from
(2.73) and (2.76). For concreteness and possible applications in AdS/CMT, we will develop the
case with the flat horizon.

The line element of the spacetime is given by

ds2 = −
(
r2 − µ

)
dt2 +

1

(r2 − µ)
dr2 + r2

(
dx2 + dy2

)
. (4.56)

and the scalar fields are given by

φ̂ = r , ϕ̂1 =
√
r2 − µ , ϕ̂a = 0 . (4.57)

Unlike in 5D CS gravity, torsion vanishes for this solution. In the FG gauge, metric takes the
form

ds2 =
dρ2

4ρ2
+

1

ρ

(
(1 +

µ

2
ρ+

µ2

16
ρ2)(dx2 + dy2)− (1− µ

2
ρ+

µ2

16
ρ2)dt2

)
. (4.58)

Boundary fields are given by

ea = δaµdx
µ , , ωab = 0 , (4.59)

ka = ϵ
µ

4
δaµdx

µ , φ = 1 , (4.60)

ψ =
µ

4
, ϕa = 0 . (4.61)

It is straightforward to check that (4.59)-(4.61) satisfy (4.32)-(4.35). Furthermore, we can
compute the one-point functions of the stress-energy tensor. They are given by

⟨T0⟩QFT =
3µ2

32πG
dx2dx3 , (4.62)

⟨T2⟩QFT =
µ2

32πG
dx0dx3 , (4.63)

⟨T3⟩QFT =− µ2

32πG
dx0dx2 , (4.64)

and the one-point functions for operators Oφ and Oa are

⟨Oφ⟩QFT =− µ2

32πG
dx0dx2dx3 , (4.65)

⟨Oa⟩QFT =0 . (4.66)

It is trivial to check that the condition of vanishing Weyl anomaly (4.54) is fulfilled.

Further solutions to four-dimensional CTG were recently presented in [57]. A positive aspect
of the analysis done in this paper is the finding of new solutions with torsion. The focus in [57]
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was on both AdS and dS gravity, but for the purpose of this thesis, we will discuss only AdS
gravity. For example, it was shown that the spacetime with the line element of the form

ds2 = −
(
1 + r2 ±

√
a+ br

)
dt2 +

1(
1 + r2 ±

√
a+ br

)dr2 + r2dθ2 + r2 sin2 θdφ2 (4.67)

and zero torsion solves equations of motion, provided the scalar fields are zero. Depending on
the choice of ± sign and parameters a and b, this solution may represent a black hole with one
or two horizons, a naked singularity, or, for a particular case a = b = 0, a global AdS spacetime,
which we already discussed. Apart from the trivial case, for nonzero a and b, this spacetime
metric cannot be put in the FG form discussed above. This is not unexpected, as the solution
has many field components that are set to zero, and our derivation was restricted to the case
of generic solutions. However, this is not a problem, because we can view our FG expansion as
an asymptotic expansion, where all the steps are essentially the same as those done. Another
solution is given by the line element

ds2 = −
(
r2
(
1± r2

r2h

))
dt2 +

1(
r2
(
1± r2

r2h

))dr2 + r2dθ2 + r2 sin2 θdφ2 , (4.68)

and the nonzero components of the torsion two-form are given by

T 0 = −2

√
1± r2

r2h
dtdr , T 2 = r drdθ . (4.69)

This solution presents a naked singularity and, therefore, is prohibited by the cosmic censorship
hypothesis. Unfortunately, all those solutions found in [57] have fields ϕ̂a and φ̂ equal to zero,
and thus all one-point functions (4.52) are zero. A similar conclusion was made in [57], rephrased
in terms of charges. When deriving the one-point functions (4.52), we assumed that the spin-
connection ωab is independent of the vielbein, and the result is meaningful only if we can find
solutions with nonzero scalar fields and torsion. We leave this for future work, and in the future,
we call the spin-current in CTG a putative spin-current.

4.2.2 Generalization to D = 2n spacetime dimensions, for n > 2

Working along the same lines as before, we can write the CTG action inD = 2n bulk dimensions
as ∫

M2n

εCA1B1...AnBnΦ̂
CF̂A1B1 . . . F̂AnBn ≡

∫
M2n

εΦ̂F̂ n . (4.70)

In the last step, we suppressed the indices, and we shall continue to do this for the rest of this
chapter. Following the results of [30], where the results of 5D CS gravity were lifted to a higher
number of bulk dimensions, we can infer that the same form of FG expansion can be used as
before. The on-shell variation of this action, using the FG gauge, takes the form

δS
(2n)
CTG|on−shell = κ

∫
M2n

ε
[
δe
(
4nψ(R + 4ek)n−1 + 8n(n− 1)εϕDk(R + 4ek)n−2

)
+ δk

(
− 4nφ(R + 4ek)n−1 − 8n(n− 1)ϕT (R + 4ek)n−2

)
+ δω

(
− 4n(n− 1)φDk(R + 4ek)n−2 + 4n(n− 1)ψT (R + 4ek)n−2

− 4n(n− 1)ϕeaka(R + 4ek)n−2 + 8n(n− 1)(n− 2)ϕDkT (R + 4ek)n−3
)]
. (4.71)

59



CHAPTER 4. CHAMSEDDINE’S TOPOLOGICAL GRAVITY

In order to remove the variation δk, we add finite GHY-like counterterm

S
(2n)
GHY = 4κ

∫
M2n

n
n−1∑
j=0

1

n− j
εkφ

(
n− 1

j

)
Rj(4ek)n−1−j

+ 2n(n− 1)
n−2∑
j=0

1

n− 1− j
kϕT

(
n− 2

j

)
Rj(4ek)n−2−j . (4.72)

Once this boundary term is included, the one-point functions are obtained as before. The
boundary stress-energy tensor is given by

τa = ⟨Ta⟩QFT = κε
(
4nψ(R + 4ek)n−1 + 8n(n− 1)ϕDk(R + 4ek)n−2

+
n−1∑
j=0

4n

n− j
kφ

(
n− 1

j

)
(n− 1− j)Rjen−2−j(4k)n−1−j

+
n−2∑
j=0

8n(n− 1)

n− 1− j

(
n− 2

j

)
D(kϕRj(4ek)n−2−j)

−
n−2∑
j=0

ϕT
n− 2− j

n− 1− j

(
n− 2

j

)
Rj(4k)n−2−jen−3−j , (4.73)

while a putative spin-current is

σab = ⟨Sab⟩QFT = κ
[
ε
(
− 4n(n− 1)φDk(R + 4ek)n−2 + 4n(n− 1)ψT (R + 4ek)n−2

− 4n(n− 1)ϕeaka(R + 4ek)n−2 + 8n(n− 1)(n− 2)ϕDkT (R + 4ek)n−3×

× 4n
n−1∑
j=0

1

n− j

(
n− 1

j

)
jD(kφRj−1(4ek)n−1−j)

+ 8n(n− 1)
n−2∑
j=0

1

n− 1− j

(
n− 2

j

)
jD(kϕT (4ek)n−2−j)

)
− 8n(n− 1)ε

n−2∑
j=0

1

n− 1− j

(
n− 2

j

)
kϕeRj(4ek)n−2−j

]
. (4.74)

One-point function of an operator dual to scalar φ̂ is

oφ = ⟨Oφ⟩QFT = κε
(
4n

n−1∑
j=0

1

n− j

(
n− 1

j

)
kRi(4ek)n−1−j

)
, (4.75)

while the one-point function of operators dual to ϕ̂a yields

oa = ⟨Oa⟩QFT = κε
(
− 8n(n− 1)

n−2∑
j=0

1

n− 1− j

(
n− 2

j

)
kTRj4ekn−2−j

)
. (4.76)

4.3 An aside: geodesics in gauge theories of gravity and
boundary two-point function

So far in this section, we have been solely focused on a computation of one-point functions dual
to bulk gravity fields (scalar, dilaton-like fields were treated as part of gravity). Of course, we
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should be able to do more, and for this, we should consider coupling this gauge theory of gravity
to matter fields. Using the extrapolate dictionary (3.23), boundary correlation functions are
obtained from the bulk one by a proper rescaling and taking the boundary limit. Propagators
of matter fields are, for large values of mass, well-approximated by the exponent of a geodesic
distance between two points, and therefore, there is a relation between bulk geodesics and
boundary two-point functions. It is customary to define a two-point function using the path
integral of the form ∫

DPeimL , (4.77)

where L is the geodesic distance between two points, and we assume that this path integral
can be evaluated in the saddle-point approximation to yield the boundary two-point function.
It is then important to see if there is a natural candidate for the two-point function in the
gauge-theoretic formulation of gravity. Here, we wish to argue that there is: the gravitational
Wilson line (recal definition (1.20)).

Following [117], where the gravitational Wilson lines were introduced, with a difference of
working in Euclidean signature, we write the Euclidean path integral as

∫
DPDKDh e

−
∫
dτ

(
−Tr(KAhτ )+λ1

(
1
2
JÂB̂JÂB̂−c2

)
+λ2

(
1
16
εÂB̂ĈD̂ε

ÊF̂ ĜĤJÂB̂JĈD̂JÊF̂ JĜF̂−c4

))
, (4.78)

where all the details about the notation can be found in the quoted paper. Our goal is to demon-

Figure 4.2: A graphical representation of a bulk gravitational Wilson line, giving a boundary
two-point function.

strate that (4.78) can, in certain cases at least, reproduce the boundary two-point function for
primary scalar operators (3.26). The proposed form of the path integral is a combination of
the standard approach from (4.77) and the approach from [62], where the authors analysed the
gravitational Wilson lines in AdS3 gravity, using the CS formulation, in order to extract the
boundary entanglement entropy. CS gravity in three dimensions is topological, and the Wil-
son line does not depend on local properties of the exact path taken between the two points.
Therefore, the path integral measure DP was not necessary in [62]. Here, on the other hand, as
shown in [117], different paths contribute differently, as the action is stationary only on a certain
path, yielding the geodesics. An additional difference between [62] and our work in this section
is that they were interested in computing the quantity that is expected to be infinite (cut-off
dependent). We, therefore, should renormalize the infinite part of the two-point function, as
standard in the extrapolate dictionary (3.23). In order to use the saddle-point approximation
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in (4.78), we assume that the mass of a particle is large. Furthermore, we will consider only
the spinless case, though we suspect that, at least for large nonzero values of spin, a similar
computation can be done.
Varying the action from the path integral (4.78) with respect to h results in the equation

dzµ

dτ
pν =

dzν

dτ
pµ , (4.79)

which is obviously solved by pµ = mdxµ

dτ
, with τ being the affine parameter. Varying with

respect to the path P results in a geodesic motion of a probe particle. We shall illustrate the
computation for the pure AdS spacetime in coordinates (1.32). Focusing on t = const slices,
it is well-known that the geodesics between two boundary points are semi-circles (see section
3.3). By focusing on the two points separated by a distance L at the boundary, and relying on
the results from section 3.3, we obtain

⟨O(x1)O(x2)⟩ = lim
ε→0

ε2me−Son−shell ∼ 1

L2m
. (4.80)

This result matches the one obtained in (3.26), as for large mass we have

∆ =
d

2
+

√(
d

2

)2

+m2 ≈ m. (4.81)

4.4 Two dimensional BF model and JT gravity

EH gravity in two dimensions is trivial, as
∫
d2x

√
gR computes the Euler characteristic of the

manifold. Therefore, in order to obtain some nontrivial effects, we have to consider more general
models. They usually demand the introduction of a new scalar field, called the dilaton, which
very often arises from a dimensional reduction procedure. In case of a negative cosmological
constant, a very simple model is given by JT gravity, with action

1

16πGN

∫
M2

d2x
√
−g φ

(
R− Λ

)
. (4.82)

Varying with respect to the dilaton, we obtain R = Λ. Note that φ serves as a Lagrange
multiplier and, therefore, relation R = Λ holds in the quantum theory. This is because the
path integral over the dilaton field yields∫

DφDgµνei
1

16πG

∫
M2

d2x
√
−gφ
(
R−Λ
)
∼
∫

Dgµνδ(R− Λ), (4.83)

where δ(R − Λ) is delta functional. For this reason, JT gravity is very popular, and many
results in the quantum regime are known. Varying with respect to the metric field, we obtain
another equation of motion

∇µ∇νφ− gµν∇2φ+ gµνφ = 0 . (4.84)

If we further add some matter fields in the bulk, the right-hand side of (4.84) has to be
supplemented with the matter stress-energy tensor. Action (4.82) has to be supplemented with
the boundary GHY term to eliminate boundary variations of metric derivatives in the bulk
direction. In the situation at hand, this term is given by

1

8πGN

∫
∂M2

dy
√
|h|ϕK . (4.85)
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First-order formulation of this theory can be straightforwardly written using the action

S1 = κ

∫
φεab

(
Rab + eaeb

)
, (4.86)

where κ ≡ 1
16πGN

. In order to set torsion to zero, we introduce additional Lagrange multipliers
ϕa such that the total action is given by

κ

∫
N
εab

[
φ̂
(
R̂AB + êAêB

)
+ 2ϕ̂AT̂B

]
, (4.87)

where the numerical factor 2 and the notation suitable for the holographic considerations are
introduced for convenience. Equations of motion following from (4.87) are

R̂AB + êAêb = 0 , T̂A = 0 , φ̂êA − Dϕ̂A = 0 , dφ̂+ ϕ̂AêA = 0 . (4.88)

Action (4.87) is similar to the CTG action in four dimensions that we considered. Indeed, we
can rewrite this action as

κ

∫
N
εÂB̂Ĉ ϕ̂

ÂF̂ B̂Ĉ , (4.89)

where ϕ̂Â = (ϕ̂A, φ̂), F̂BC = R̂BC + êB êC and F̂A3 = T̂A. In this format, it is evident that our
model is indeed 1 + 1 D CTG, invariant under SO(2, 1) algebra. Equivalently, we can rewrite
action (4.89) as follows. We introduce SO(2, 1) ≈ SL(2,R) gauge field A = ω01J01 + eAPA,
where J01 and PA are so(2, 1) generators, given in representation as

P0 =
1

2

(
i 0
0 −i

)
= i

σ3
2
, P1 =

1

2

(
0 1
1 0

)
=
σ1
2
, J01 =

1

2

(
0 i
−i 0

)
= −σ2

2
. (4.90)

For scalar multiplet Φ of the form Φ = εABϕ̂BPA + φ̂J01, we have

Tr (ΦF ) = φ
(
Rab + eaeb

)
+ 2ϕaT b , (4.91)

so that the action (4.89) takes the form

κ

∫
Tr(ΦF ) . (4.92)

For the past decade, there has been increased interest in JT gravity due to its connection to
the near-extremal limit of higher-dimensional black holes, its relation to the SYK model, and
matrix models. Reviews on JT gravity include [118, 119].

It is important to understand which aspects of JT gravity, especially involving boundaries,
can be fruitfully explained using this first-order formulation. Note the comment made in [119]
where it was stated that for the full understanding of the boundary issues, one has to resort to
a combination of first-order and second-order reasoning. However, it was emphasised in that
text that there are works that tried to explore the power of first-order formalism in this theory.
We also made contributions in this direction, and in this section, we will demonstrate how our
approach can be applied to JT gravity. In addition to computing the BH mass and entropy
from holography, we will also explore the dynamics of E.o.W branes, even though in such a low
number of dimensions we are not interested in using AdS/BCFT duality. One main motivation
for studying such branes in this theory comes from the fact that they played an important role
in initial considerations on BH information paradox resolution [120].
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Taking the on-shell variation of the bulk action, we have

κ

∫
∂M2

εAB
(
φ̂δω̂AB + 2ϕ̂AδêB

)
. (4.93)

We will now plug in the same expansion for the bulk fields in terms of the radial ρ coordinate
as before. Our goal here is to try to obtain the mass and entropy of a two-dimensional BTZ
black hole using previously developed techniques. Focusing on finite terms, we have

4κ

∫
∂M2

(−φδk + ψδe). (4.94)

Again, we face the same problem as before. The solution we pose will be the same one we
have already done. By adding a finite boundary term, we will remove the variation of δk at
the boundary of our spacetime. Note that a similar setup was discussed in [121]. This is our
choice of boundary conditions, motivated as before, and it is important to stress that it is by no
means necessary to impose those boundary conditions. However, as we will see, our final result
for the one-point function will provide satisfactory results regarding the BH thermodynamics.
Therefore, we add a finite boundary term

Sbnd = 4κ

∫
∂M2

φk . (4.95)

Because of the alleged connection of similar terms with GHY terms [79], we shall call this term
a GHY-like boundary term. Later, we will explore in detail the relation with (4.82). Once this
term is added, we obtain

δW = 4κ

∫
∂M2

(kδφ+ ψδe) . (4.96)

One-point functions of boundary operators are then inferred to be

⟨T ⟩ = 4κψ , ⟨Oφ⟩ = 4κk . (4.97)

Boundary fields are not completely independent and have to satisfy identities following from
the bulk equations of motion

dφ = eϕ , dψ = kϕ , dϕ = 2kφ+ 2eψ . (4.98)

4.4.1 Black hole thermodynamics

In this subsection, we shall use our results to analyze the thermodynamics of a two-dimensional
black hole. Dimensional reduction of the spinless BTZ black hole gives

ds2 = −(r2 − µ)dt2 +
1

r2 − µ
dr2, φ̂ = r. (4.99)

We shall first spend a few lines describing this black hole. First, one may object that this is
not a genuine black hole, but rather a portion of AdS2. In a sense, we already know that any
solution of JT gravity must satisfy the AdS condition. In three dimensions, the BTZ black
hole indeed contains a singularity in the sense that geodesics cannot be extended to an infinite
value of an affine parameter once they encounter r = 0. Two-dimensional black hole spacetime,

64



CHAPTER 4. CHAMSEDDINE’S TOPOLOGICAL GRAVITY

being a portion of AdS2, does not have this property. To illustrate this explicitly, we make the
following change of variables [118]

r =
−µT 2 + µZ2 + 4

4Z
, t =

1

2
√
µ
ln

(
µT 2 + 4

√
µT − µZ2 + 4

µT 2 − 4
√
µT − µZ2 + 4

)
. (4.100)

One can then check that line element (4.99) becomes

ds2 =
−dT 2 + dZ2

Z2
, (4.101)

which is a metric of AdS2 in Poincaré coordinates (1.32). Nevertheless, we will call a spacetime
described using coordinates (4.99) a 1 + 1 BTZ black hole [122]. Another set of coordinates
that covers the same region is (t, σ), with the line element given by

ds2 =
4π2

β2

(
−dt2 + dσ2

sinh 2π
β
σ

)
. (4.102)

To obtain the BH mass, we shall first calculate the one-point function for the boundary energy-
momentum tensor, which in this case (boundary is one-dimensional) gives us only the energy.
We have

δW

δett
=
δW

δgtt
∂(ette

tt)

∂ett
= −2

δW

δgtt
= ⟨T ⟩ = E . (4.103)

Further, we go to the FG gauge, where the line element takes the form

ds2 =
dρ2

4ρ2
− 1

ρ

(
1− µ

2
ρ+

µ2

16
ρ2
)
dt2 , (4.104)

and the corresponding boundary fields are

e = dt , k = −µ
4
dt , φ = 1 , ψ =

µ

4
, ϕ = 0 . (4.105)

It is trivial to check that boundary fields satisfy constraints (4.98). Energy is then expressed
as

E = 4κψ =
µ

16πG
. (4.106)

In the end, a simple usage of the first law of thermodynamics, TdS = dE, and the condition
that the entropy vanishes for zero BH mass, gives

SJT =

√
µ

4G
. (4.107)

This entropy coincides with the usual form of entropy in JT gravity [118]. Note that this result
can be written as

SJT =
φ(rh)

4G
. (4.108)

This is the expected form of Bekenstein-Hawking entropy in 2D dilaton gravity, generalizing
(1.12). In two-dimensional models, the horizon consists of only two points, and the surface of
an n-sphere (Vol(Sn) = 2π

n
2

Γ(n2 )
) approaches two as n → 1. Therefore, for a single point, the

natural generalization of area from (1.12) is a constant 1. However, in dilaton models, one
way to interpret the dilaton is as a spacetime varying Newton’s constant (as it multiplies the
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standard EH term, similar to 1
GN

). Combining these two facts, we arrive at (4.108). Another
point of view on (4.108) is that φ(r) comes, via dimensional reduction, from the e22 component
of vielbein. In the original 3D BTZ black hole spacetime (2.65), this component was chosen
to be equal to r, while the area of the horizon was given as 2πrh = 2πe22 = 2πrh, which again
motivates (4.108). Finally, let us note that the equations of motion are linear in φ, so that
another possible solution to the equations of motion can have the same metric, but φ = ar,
with a an arbitrary constant. In this case, it is easy to see that the BH entropy modifies as
SJT =

a
√
µ

4G
, which again coincides with (4.108).

4.5 Boundary terms in two dimensions

Having established that our formalism for CTG can fruitfully derive the black hole entropy in
JT gravity, we elaborate further on boundary terms in this two-dimensional model. Here we
rely on the approach discussed in the subsection 2.3.2 and return to the standard notation used
in this thesis. If we vary the action with respect to the spin-connection, a boundary term arises

κ

∫
N

(
2εabϕce

b − εacdφ
)
δωac + κ

∫
∂N

εabφδω
ab . (4.109)

Variation with respect to the vielbein produces a boundary term proportional to δea, while
variation with respect to the scalar field does not produce any boundary terms. Imposing
Dirichlet boundary conditions for the vielbein, we see that the action is not stationary. While
this may seem completely acceptable from the first-order perspective (and especially if we take
the BF formulation into account), it is drastically different from the second-order perspective.
This is similar to (2.54), so we take a similar solution. Moving the variation at the boundary
from the spin-connection to the dilaton field, we add the following boundary term.

−κ
∫
∂N

εabφω
ab . (4.110)

We should check if this term has all the properties we discussed in the subsection 2.3.2. First,
let us rewrite this term using the FG expansion from the previous section.

−
∫
∂N

εabφω
ab = −2

∫
∂N

φω01

= −2

∫
∂N

1

ρ
(φ̃+ ρψ̃)(ẽ− ρk̃) .

We are interested in the ρ-finite part of this expansion

−2

∫
∂N

(−φ̃k̃ + ψ̃ẽ) = 4

∫
∂N

φ̃k̃ . (4.111)

To obtain the last equality, we used the bulk’s equations of motion in the FG gauge (4.98) and
removed the

∫
dϕ term, since it is a boundary term, and in the standard holographic setup, the

boundary of the boundary is empty. Importantly, the result (4.111) matches (4.95), supporting
the validity of the boundary term (4.110).

Again, we face the issue that the term (4.110) is not manifestly covariant, as it explicitly
involves the spin-connection. We shall covariantize this expression as before, introducing a
normalized vector field na normal to the boundary, to get

2κ

∫
Q
εabφn

aDnb. (4.112)
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It is instructive to compare this first-order boundary term to the standard JT GHY boundary
term (4.85). We have

2κ

∫
Q
εabφn

aDnb = 2κ

∫
Q
εabφe

a
ρn

ρDµ(e
b
νn

ν)dxµ

= 2κ

∫
Q
εabφe

a
ρn

ρebν∇µn
νdxµ

= 2κ

∫
Q
eερνφn

ρ∇µn
νdxµ

= 2κ

∫
Q
eερνφn

ρ∇µn
ν dx

µ

dt
dt . (4.113)

Here, t parametrizes the one-dimensional boundary. The bulk metric can be decomposed as

gµν = hµν + nµnν , (4.114)

where hµν is the projection tensor (sometimes referred to as the first fundamental form, or the
induced metric) [54]. Furthermore, we can take hµν = −tµtν , with tµ being the normalized
vector tangent to the boundary [123]. From (3.91), applied in the case at hand, we obtain
nµ ⊥ dxµ

dt
≡ tµ. Note that if tµ is not normalized, the final expression should include an

additional factor
√
h. We can define the Levi-Civita tensor εµν = e · εµν , which satisfies

εµνn
µ = −tν . To prove this, note that if we multiply both sides by nν , we get 0 = 0. Therefore,

εµνn
µ has to be proportional to tν . Note that we have

εµνn
µερσn

ρgνσ = −εµνενρnµnρ = gµρn
µnρ = 1 .

This fixes the proportionality constant to be ±1, with two choices corresponding to two opposite
orientations of the boundary. Finally, this implies

2κ

∫
Q
φtν∇µn

νdxµ = 2κ

∫
Q
φtνt

µ∇µn
νdt = 2κ

∫
Q
φK , (4.115)

so that we finally reached (4.112). This further supports the boundary term (4.110)

At the end of this section, we shall use the methodology of [31] to obtain the same boundary
term as before. It follows from the analysis in [31] that only the

∫
εabφR

ab term should be
accompanied by the GHY boundary term. Using the same notation as in [31], we get

⋆φnaδϱ
na ∼ κφεnaδϱ

na , (4.116)

resulting in
⋆φna = κφεna . (4.117)

This immediately gives the GHY boundary term as

2κ

∫
∂Q
φKaεna = 2κ

∫
∂Q
φnµDnνεµν , (4.118)

where the equality follows from the identity

eaνDn
νnµεµρe

ρ
a = φnµDnνεµν . (4.119)
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4.6 E.o.W. brane profile

After discussing the boundary terms, we are ready to compute the E.o.W. brane profile in
this two-dimensional model of gravity. The total action of JT gravity plus E.o.W. brane with
tension T is given by

κ

∫
N
εab
[
φ
(
Rab + eaeb

)
− 2Dϕaeb

]
+ 2κ

∫
Q
εabϕ

a(δbc − nbnc)e
c + 2κ

∫
Q
εabφn

aDnb

+ 2κT

∫
Q
εabn

aeb . (4.120)

Here, compared to (4.87), we used partial integration to get the second integral. We follow the
section 3.4 and make the variation of the total action with respect to all the fields. Next, we
impose Neumann boundary conditions on the E.o.W Q. Let us start with the variation δω :

κ

∫
Q
εabφδω

ab + 2κ

∫
Q
εabφn

aδωbcn
c = 0 . (4.121)

One can check that this variation is equal to zero due to the condition nana = 1. Alternatively,
one may treat the field na as unnormalized, with this equation enforcing the normalization
condition (though, in the latter case, we should appropriately normalize the boundary term
first, as in [124]). Next, variation δϕa trivially gives naea|Q = 0, which implies that na is,
indeed, orthogonal to Q. Again, we stress that this orthogonality is not postulated a priori,
but rather follows from the boundary conditions, as in [106]. Next, we make the variation δe,
providing us with the equation

εab(Tn
a + ϕa)− εacϕ

ancnb = 0 , (4.122)

that has to be satisfied. As a consistency check, if we multiply both sides of (4.122) by nb, we
get 0 = 0. An important role is played by the variation in φ. Using the result (4.115) from the
last section, we get the equation

∇µn
µ = 0 , (4.123)

implying the E.o.W. takes the form of a geodesics [123]. Therefore, the result coincides with
the one obtained in the metric formulation, see for example [120], where the E.o.W. brane in
JT gravity was used to give a toy model for resolving the black hole information paradox. A
similar result was also obtained in [125]. Finally, the variation δn gives

2κ

∫
Q
εabφδn

aDnb + 2κ

∫
Q
εabφDnbδna − 2κ

∫
Q
εabe

cϕcn
aδnb

+ 2κT

∫
Q
εabδn

aeb − 2κ

∫
Q
εabϕ

anbδnce
c .

Because of the identity
εabϕ

cecn
a + εacϕ

anceb = εabϕ
becn

c = 0 , (4.124)

which follows from ecn
c|Q = 0, we can recast the last variation as

2κ

∫
Q
εabφδn

aDnb + 2κ

∫
Q
εabφDnbδna + 2κT

∫
Q
εabδn

aeb . (4.125)

Following [106], we multiply the equation following from (4.125) with the projector δab − nanb,
because we have δ(nana) = 0. The resulting equation takes the form

2εabφDnb + T
(
εabe

b − ncnaεcbe
b
)
= 0 . (4.126)
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It turns out that this equation is automatically satisfied. Let us illustrate this fact. We first
prove that εabeb − ncnaεcbe

b = 0. Assuming a = 0, we have

ε0be
b − ncn0εcbe

b

= e1 − n0n0ε01e
1 − n1n0ε10e

0

= e1 − (1− n1n1)e
1 + n1n0e

0

= e1 − (1− n1n1)e
1 − n1n1e

1 = 0 . (4.127)

Here, we used the normalization identity nan
a = 1 and orthogonality condition naea|Q = 0.

Similar computation is valid for a = 1. Indeed, we have

εabe
b − ncnaεcbe

b = 0 . (4.128)

Furthermore, we wish to prove that Dna = 0. This follows from the goedesics condition
εabn

aDnb = 0. By writing down indices explicitly, we have

εabn
aDnb = n0dn1 − n1dn0 − ω10(n

0n0 + n1n1)

= n0dn1 − n1dn0 − ω10 = 0. (4.129)

After multiplying this equation by n0, we have

n0n0dn
1 − n1n0dn

0 − ω10n0

= (1− n1n1)dn
1 − n1n0dn

0 + ω1
0n

0

= dn1 − 1

2
n1d(nana) + ω1

0n
0

= dn1 + ω1
0n

0 = Dn1 = 0. (4.130)

On the other hand, by multiplying (4.129) instead by n1, we obtain

− dn0 +
1

2
n0(nan

a)− ω10n
1 = −Dn0 = 0 . (4.131)

Therefore, all the terms in (4.126) vanish, and the variation in na is automatically satisfied.
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Chapter 5

Chern-Simons gravity with torsion

This chapter is partially based on author’s work [67].

Classically, 3D gravity is described, modulo subtleties, as CS theory for an appropriate
gauge group (Poincaré, dS, or AdS), see section 2.3. We also saw that the same formalism
can be used to include torsion in the bulk, yielding the MB theory. On the other hand, 5D
CS gravity is also closely related to torsion, because of the BH solutions (2.81) we discussed
in Chapter 2. Both three-dimensional gravity with torsion and five-dimensional gravity with
torsion have been studied holographically in the past [26, 25]. For this reason, we found it
obligatory to extend the analysis to an even number of dimensions in the last chapter, leaving
aside for the moment the odd-dimensional case. However, it is far from being true that we
completely understand the role of torsion in odd-dimensional CS gravity. For example, can
we extend the E.o.W. brane computation from section 3.4 to incorporate bulk torsion? Can
we generalize the RT proposal to compute boundary entanglement entropy when the bulk has
nonzero torsion? Does the parameter C from (2.81) enter the expressions for the BH energy
and entropy, and does it affect the holographic entanglement entropy? Can we use dimenisonal
reduction procedure to gain some insight into these questions? The following chapter precisely
pursues those questions we just asked.

5.1 AdS/BCFT with torsional bulk

In Chapter 2, we defined the MB model (2.36) and showed it leads to the Riemann-Cartan
bulk. The torsion in the model is influenced by two constants α3 and α4, and when both of
them vanish, we are left with EH gravity with the cosmological constant, so that the bulk
geometry is Riemannian. As anticipated before, it is much simpler to study the case α3 = 0, so
we focus on this case in the following. Later, we will comment on why this choice is not just a
simplification, but also the necessity for some of the calculations. We, therefore, focus on the
action

κ

∫
N
εabc

(
Rabec +

1

3
eaebec

)
+ ακ

∫
N
T aea , (5.1)

where α ≡ α4, and try to generalize the AdS/BCFT proposal to the Riemann-Cartan bulk
spacetime. We put the lenght scale, present in the cosmological constant term, ℓ = 1. Because
of the translational CS term, even a simple AdS spacetime without torsion is not a solution to
the equations of motion. The equations, following from the variation of (5.1) with respect to
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ea and ωab take the form of

Rab +
(
1− α2

)
eaeb = 0, (5.2)

T c = −α
2
εabceaeb. (5.3)

Of course, the spacetime obtained in this way satisfies the AdS condition, and we can try to
solve the equations by assuming that the metric takes the form of AdS spacetime in Poincaré
coordinates (1.32). Actually, following [106], we will take the line element in the form of

ds2 = e2ρ(−dt2 + dϕ2) + l2dρ2 . (5.4)

We made the change of variables z = e−ρ and introduced the parameter l (not to be confused
with ℓ = 1). The vielbeins are then given by

e0 = eρdt , e1 = ldρ , e2 = eρdϕ (5.5)

However, the spin-connection is not directly derived from the metric, and we have to use (2.41)
to get

ω01 = eρ
(
1

l
dt− α

2
dϕ

)
,

ω02 =
lα

2
dρ ,

ω12 = eρ
(
−α
2
dt− 1

l
dϕ

)
. (5.6)

The Riemann-Cartan curvature computed from this spin-connection gives

Rab =

(
α2

4
− 1

l2

)
eaeb , (5.7)

so that the direct comparison with (5.2) reveals the connecton between the constant l and
parameter α as

1

l2
= 1− 3α2

4
. (5.8)

We assume that 1− 3α2

4
> 0. Next, we should discuss the boundary terms in this model that we

shall use to derive the E.o.W. brane profile. Following Figure 3.3, boundary of the bulk ∂N has
two components ∂N = M∪Q. Our main focus will be on the E.o.W. brane profile Q, so we
will analyse this boundary in what follows. Regarding the boundary M, we treat it as standard
in the holographic duality, imposing the Dirichlet boundary conditions for holographic sources.

First, we make the on-shell variation of (5.1), resulting in the boundary term,

−κ
∫
Q
εabce

aδωbc − ακ

∫
Q
eaδe

a. (5.9)

The first term contains the boundary variation δω, which we try to remove by adding an
appropriate boundary term to (2.36). Luckily, there exists such a boundary term (which has
the same structure as in the first-order EH gravity [126]) and is given by

κ

∫
Q
εabce

aωbc . (5.10)
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Analogously to the (2.56), we should covariantize this term. We will now explicitly go over
the computations necessary to perform this step, filling in all the blanks made when previously
using heuristic arguments to perform the covariantization

− 2κ

∫
Q
εabce

anbDnc (5.11)

= −2κ

∫
Q
ϵabce

anbdnc − 2κ

∫
Q
ϵabce

anbωcdnd

= −2κ

∫
Q
ϵabce

anbdnc + κ

∫
Q
ea(δba − nan

b)εbcdω
cd .

In the last step, we used ωa =
1
2
εabcω

bc , implying ωab = −εabcωc [126] such that the following
identity holds

−2εabce
anbωcdnd = 2εabce

anbεcdmωmnd

= −2eanb(ωbna − ωanb)

= 2ea(n2δba − nan
b)ωb

= ea(δba − nan
b)εbcdω

cd . (5.12)

In the computations, we used n2 = nan
a = 1, and the combination P b

a = δba − nan
b is the

projector already encountered in previous chapters. Next, we should check if this term coincides
with the boundary term introduced to satisfy the holographic boundary conditions in [26]. The
FG gauge can be chosen in the same form as (3.56) and the boundary term from [26], in the
case α3 = 0, is given by

4κ

∫
∂M

εij ẽ
ik̃j . (5.13)

We would like to compare this term on-shell to the (5.10). It is easy to see that, once expansion
(3.56) is inserted into (5.10), the finite term vanishes. On the other hand, bulk equations of
motion imply the identity

dω̃ij + 2ẽik̃j + 2k̃iẽj = 0 , (5.14)

implying further that the boundary term (5.13) vanishes (the same logic is applied in the case
of JT gravity (4.111)). Therefore, we made the connection between those two boundary terms,
further motivating our choice (5.10). Finally, note that we would obtain the same boundary
term using the methodology of [31], as the translational CS term, involving only torsion as the
field strength, does not contribute to the GHY boundary terms. Combining all the terms into
a single action, we are left with

κ

∫
N
εabc

(
Rabec +

1

3
eaebec

)
+ ακ

∫
N
T aea − 2κ

∫
Q
εabce

anbdnc

+ κ

∫
Q
ea(δba − nan

b)εbcdω
cd + κT

∫
Q
εabcn

aebec . (5.15)

Performing the variation δω we get the equation

ean
a|Q = 0 , (5.16)

enforcing the orthogonality condition for na = nµeaµ. Further variation δna results in an identity,
if we assume that nana = 1, which is the same case we encountered in section 3.4 and (4.6).
Variation δe results in a nontrivial condition that has to be satisfied by the brane profile

P b
aεbcdω

cd − 2εabcn
bdnc + 2Tεabcn

bec + αea = 0 . (5.17)

72



CHAPTER 5. CHERN-SIMONS GRAVITY WITH TORSION

We have to solve this equation to find the brane’s profile. We make an ansatz for the profile
as ϕ = g(ρ), implaing the condition (dϕ − g′(ρ)dρ)|Q = 0. It is straightforward to find the
components of the unit normal (with the Lorentzian index) as

n0 = 0 ,

n1 = − g′(ρ)

l
√

(g′(ρ))2

l2
+ e−2ρ

,

n2 =
e−ρ√

(g′(ρ))2

l2
+ e−2ρ

. (5.18)

We shall first be interested in a = 2 component of (5.17). We rely on the following identity

naωa = −α
2
naea −

1

l
n0e2 +

1

l
n2e0 = −1

l
n2e0 , (5.19)

which follows from the fact that n0 = 0 and the orthogonality condition naea|Q = 0, to obtain

g(ρ) = ± l2T√
1− l2T 2

e−ρ + const . (5.20)

Next, we consider the a = 1 component of (5.17), which implies that the plus sign should be
used in (5.20). With this in mind, we have n1 = lT and n2 =

√
1− l2T 2. The final component

of (5.17), a = 0, is satisfied automatically, so that the E.o.W. brane profile is given by

ϕ =
l2T√

1− l2T 2
e−ρ + const . (5.21)

To remind ourselves, we have 1
l2
= 1− 3α2

4
, and only through this parameter, the constant α, that

is responsible for nonzero bulk torsion, enters the brane’s profile. This result is a consequence
of a relatively simple bulk model of gravity, as we shall discuss in the next section. However, as
far as we are aware, this is the first incarnation of the Riemann-Cartan bulk in the AdS/BCFT
correspondence and constitutes one of the major deliverables from this chapter.

5.2 RT formula for bulk with torsion

Motivated by our success to apply the AdS/BCFT setup to the MB model, we now turn to
understanding the possible generalization of the RT formula (3.80) to the Riemann-Cartan
bulk, described using action (5.1). Let us first comment on the boundary conformal symmetry
in this model. It was shown in [127] that the boundary dual to the MB model (2.36) has two
unequal central charges, given by

cL = 24π

(
l

16πGN

+ α3

(
Cl

2
− 1

))
, cR = 24π

(
l

16πGN

+ α3

(
Cl

2
+ 1

))
, (5.22)

where l−2 = C2

4
− B (which coincides with (5.8) when α3 = 0). Adding a bulk CS term for

the spin-connection, therefore, implies that cL ̸= cR, which in turn means that the boundary
CFT suffers from a gravitational anomaly [128]. As long as we are not willing to couple
this theory to gravity (and in the context of AdS/CFT, boundary theory is naturally defined
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without dynamical gravity), this is not a problem, though it has certain implications. For us,
it is important that no BCFT, with appropriate boundary conditions, can be formulated for
a theory with a gravitational anomaly [129]. This is precisely why it was necessary to restrict
ourselves in the previous section to the case of α3 = 0. This particular case was also of interest
in initial studies of 3D AdS gravity with torsion in [130, 131], and a further choice of the
parameter α4, such that B = 0, provides us with the teleparallel formulation of the three-
dimensional gravity. Let us, therefore, continue our study of the α3 = 0 case. From (5.22),
conformal symmetry at the boundary has two equal central charges cL = cR = 3l

2GN
, as in the

Riemannian case (the difference being that l is not directly related to the constant multiplying
the cosmological constant term in the action (5.1)). We should then be able to derive an
analogue of the RT formula, which enables one to compute the entanglement entropy of a
CFT interval using geometric bulk quantities. More precisely, we expect that the entanglement
entropy in a dual field theory should be given by (3.79), or in other words

SEE =
3

2GN

(
1− 3α2

4

) ln(L
ε

)
. (5.23)

Unfortunately, as the bulk is described using Riemann-Cartan geometry, no direct generalisation
has been discussed in the literature so far.

The constant l appearing in the central charges is ultimately related to the Riemannian part
of the geometry. It appears in the metric (5.4), and it turns out that this constant corresponds
to the AdS radius computed if we forget about the affine structure of the spacetime and focus
solely on the metric structure. Additionally, we can see that from the bulk’s point of view, the
role of the translational CS term is precisely to change the Riemannian cosmological constant.
Let us illustrate this. We start from the action (5.1) and equations (2.39) that give an algebraic
relation between the torsion and the vielbein. We substitute the algebraic torsion back into the
action. Further, we decompose the Riemann-Cartan curvature as

Rab = R̃ab(e) + DKab +Ka
cK

cb , (5.24)

with Kab being the contorsion one-form. Here, we have C = −α, Kab = −α
2
εabcec. We also

express the RC curvature from (5.1) in terms of the Riemann curvature and constant α. This
yields the action

κ

∫
N
εabc

(
R̃abec +

α2

4
eaebec +

1

3
eaebec − α2

2
eaebec

)
= κ

∫
N
εabc

(
Rabec +

1

3l2
eaebec

)
. (5.25)

Therefore, we reached the conclusion that, as far as the classical description of the bulk theory
is important, this model is equivalent to the Riemannian theory with a shifted cosmological
constant. This further supports our claim (5.23).

However, the question of whether this claim can be derived directly in the case of the RC
bulk (in the first-order formalism) remains unanswered. We wish to argue that this claim
can, indeed, be derived using reasonable assumptions. To do so, we closely follow reasoning
from [62], mentioned in the section (3.3). In this paper, the RT proposal was recast in three-
dimensional EH gravity as the computation of the gravitational Wilson line anchoring boundary,
recal section 4.3 for the introduction of the gravitational Wilson lines. For AdS3 bulk, Wilson
lines are labeled by the irreducible representations of sl(2,R)⊕sl(2,R) algebra. As we shall also
need this later in the thesis, we now state some important facts about the unitary irreducible
representations of sl(2,R) (see also Appendix A.2 for details). Due to the noncompactness of
the Lie group, all unitary irreducible representations are infinitely dimensional [132]. They are
classified by the value of a quadratic Casimir operator as belonging to
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1. principal continuous series,

2. complementary continuous series,

3. discrete series.

Not all unitary irreducible representations are highest/lowest weight representations. If we
choose the discrete series representations, fortunately, they are of this type. Furthermore,
representations of sl(2,R)⊕ sl(2,R) are constructed using the tensor product of sl(2,R) repre-
sentations.

As in (4.78), the trace in the Wilson loop is performed using the path integral over K and
h (as equations of motion imply F = 0, the exact position of a Wilson line is not important,
as long as it does not wrap a nontrivial cycle, in the presence of a black hole, for example,
so that we do not require the integration over paths P). In was shown in [62] that, relying
on completely general considerations on the CS theory, the saddle point approximation for the
path integral gives the following equation

d

ds

(
(A− Ā)µ

dxµ

ds

)
+ [Āµ, Aν ]

dxµ

ds

dxν

ds
= 0 , (5.26)

with s parametrizing the path. To be more precise, to derive this equation, it was assumed
that the appropriate boundary condition at the CFT boundary is h = 1; we take the same
assumption here. We assume that the same reasoning from [62] can be applied to (5.1), with
the only distinction being the choice of the sl(2,R) gauge connection (2.42). In the case at
hand, we have q = α

2
+ 1

l
and q = α

2
− 1

l
. This further implies

Aa = ω̃a(e)− α

2
ea +

(
α

2
+

1

l

)
ea , A

a
= ω̃a(e)− α

2
ea +

(
α

2
+

1

l

)
ea , (5.27)

so that when (5.26) is expressed in terms of ω̃a(e), it gives the same equation as in the case
of EH gravity. This equation provides us precisely with the geodesics, as if we completely
neglect the affine structure of the spacetime. Furthermore, it is easy to check that the saddle-
point approximation of the path integral from [62] then again yields the geodesic length, thus
reproducing the result (5.23).

5.3 2D reduction of 5D CS gravity with torsion

This section is based on the author’s yet unpublished work.

Higher-dimensional theories of gravity are hard to study. This is true for EH gravity, but
also for more general gravity theories. While CS gravity has certain nice properties, enabling
us to find even the exact solutions with torsion, the full equations (2.33) and (2.34) are still
very complicated. For this reason, it is fruitful to dimensionally reduce the theory to a lower
number of dimensions. In this chapter, we will be interested in the dimensional reduction over
S3, thereby reaching an effective two-dimensional theory. Most of the work will be analogous
to the beginning of Chapter 4. The most important result from this chapter will be a formula
demonstrating how torsion affects the entropy of the CS black hole (3.76).
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5.4 Reduction procedure

Going through the literature, most attempts to perform the dimensional reduction assume the
Riemannian geometry. For example, in [133], the dimensional reduction of five-dimensional
Lovelock theory was considered, obtaining the effective two-dimensional Riemannian gravity.
In that paper, the reduction was done over R3. Here, we make two differences. First, we do
reduction over S3. This means that we shall be working with the metric of the form

g =


gµν 0 0 0

0
(
e−φ

λ

)2
0 0

0 0
(
e−φ

λ

)2
sin2 ψ 0

0 0 0
(
e−φ

λ

)2
sin2 ψ sin2 θ

 , (5.28)

where gµν is a two-dimensional metric. The second difference is that we will work in the realm
of Riemann-Cartan spacetime. In the spirit of first-order formalism, we have to make the
reduction ansatz for both the vielbein and the spin-connection. Concerning the vielbein, (5.28)
directly dictates their choice. They are given by

Ea = ea0dt+ ea1dr ≡ ea, Ei =
e−φ

λ
eiS , (5.29)

with the same convention as in (3.69). Compared to the dimensional reduction in Chapter 4,
we made two differences. First, we used the form e−φ instead of φ, as the former one is more
common in the literature (and in the five-dimensional picture provides that the radius of S3 is
positive). Furthermore, we introduced a dimensionful parameter λ that was previously set to
be equal to the AdS radius ℓ. The ansatz for the spin-connection is more involved. Generically,
we obtained (5.28) as the most general spherical symmetric metric, so here we will rely on the
results obtained in [81] for the most general, spherical symmetric and stationary spacetime with
torsion. It is given by

Ω01 = A(r, t)dr +B(r, t)dt ≡ ω01 , Ω0i = ϕ0eiS , Ω1i = ϕ1eiS , (5.30)
Ω23 = − cosψdϑ+ Φe4S , Ω24 = − cosψ sinϑdφ− Φe3S , Ω34 = − cosϑdφ+ Φe2S .

We introduced new fields ϕa, φ, and Φ, which all play the role of dilaton-like fields. Let us
interpret all those fields. First, φ is the standard dilaton field, from metric (5.28). Fields ϕa
constitute a Lorentz vector multiplet. We can prove this fact analogously to the derivation
from the Chapter 4.

First, we make the gauge transformation of the connection (1.16) A → A − Dϵ, for ϵ =
1
2
ϵABJAB + ϵAPA. In order to analyse the transformations of fields under two-dimensional

Lorentz transformations, we take ϵ = εJ01. It is then easy to compute

δA = −dεJ01 − ε

(
Ω0iJi1 + Ωi1Ji0 −

1

ℓ
E0P1 +

1

ℓ
E1P0

)
, (5.31)

implying that we have

Aε =
(
ω01 − dε

)
J01 +

(
Ω0i + εΩi1

)
J0i +

(
Ω1i + εΩ0i

)
J1i

+
1

2
ΩijJij +

1

ℓ

(
e0 − εe1

)
P0 +

1

ℓ

(
e1 + εe0

)
P1. (5.32)

76



CHAPTER 5. CHERN-SIMONS GRAVITY WITH TORSION

Comparing this formula with the general expansion in (1.16), we obtain the following transfor-
mation law for ϕa

ϕ0ei → ϕ0ei − εϕ1ei , ϕ1ei → ϕ1e1 + εϕ0ei , (5.33)

or, more compactly written as
ϕa → ϕa + εεabϕ

b . (5.34)

Equation (5.32) also gives the correct transformation property of the two-dimensional vielbein
and spin-connection. Note that when computing the gauge transformations for (1.16), we are
not generating the term that would normally be present in the variation of the form under local
transformations in Poencare gauge theory. This is consistent with the comments made in [34].
Finally, a very important field Φ enters the spin-connection on the S3 part of the total manifold
M2 × S3. This field modifies the Riemannian sphere into a more general Riemann-Cartan
manifold, while preserving spherical symmetry. To gain further intuition, we can compare our
ansatz to the spherical solution of 5D CS gravity (2.73) with torsion. From the form of torsion
(2.81) and the respective vielbeins, it follows that the contorsion one form Ka can be written
as

K01 = 0 , K0i = K1i = 0 , Kij = −CεijkekS . (5.35)

It is evident that the axial torsion C corresponds to the field Φ (up to a global minus sign).
Further analysis of the black hole (2.73) shows that the effective two-dimensional manifold
is Riemannian, and that additional fields ϕa are obtained from the derivative of the dilaton
field φ, while the dilaton field itself is equal to − ln(λr). More concretely, if we introduce a
two-dimensional vector field ϕµ = eaµϕa, we have

ϕµ =
e−ϕ

λ
∇µϕ . (5.36)

Generally, assuming that the five-dimensional geometry is Riemannian corresponds precisely
to the choice (5.36) and Φ = 0.

Using the reduction ansatz (5.30), we can compute the components of the curvature two-
form. For example, we have

R02 = dΩ02 + Ω0
1Ω

12 + Ω0
3Ω

32 + Ω0
4Ω

42

= dϕ0dψ + ω0
1ϕ

1dψ − ϕ0Φ
(
e3e4 − e4e3

)
, (5.37)

which generalizes to
Rai = (Dϕa)ei − Φϕaεijkejek . (5.38)

Next, we compute

R23 = dΩ23 + Ω2
0Ω

03 + Ω2
1Ω

13 + Ω2
4Ω

43 , (5.39)

which further generalizes to

Rij = −(1 + ϕaϕa)ê
iêj + dϕεijkêk . (5.40)

Finally, we have
R01 = dΩ01 + Ω0

iΩ
i1 = dω01 . (5.41)

We now have all the ingredients to start the dimensional reduction procedure, analogous to the
one in Chapter 4. We shall not go through the details of the computations, as they are similar
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to those already written in this thesis, but will simply write down the final expression for the
reduced action as

Sreduced =
kπ2

ℓ3λ3

∫
εab e

−3φ
[(
1 + 3ℓ2λ2e2φ(1− ϕaϕ

a)
)
Rab +

(
3ℓ−2 + 3λ2e2φ(1− ϕaϕ

a)
)
eaeb

+
(
6λeφ + 6ℓ2λ3e3φ(1− ϕaϕ

a)
)
eaDϕb + 6ℓ2λ2e2φDϕaDϕb

]
+
kπ2

ℓ

∫
εabΦ

2
[
−3λ−1e−φ

(
Rab + ℓ−2eaeb

)
+ 6ϕaT b

]
− 6kπ2

ℓ

∫
∂

εabΦ
2ϕaeb , (5.42)

This action is the first important result of this section. We shall call the theories described by
this action a dimensionally reduced CS theory (DRCS).

5.4.1 JT term

Let us make an interesting observation about (5.42). CS gravity has a nice property that
it is consistent to reduce itself to the torsionless sector. In this case, we could write down
the action in the second-order formulation, using (5.36), and Φ = 0. However, we already
saw interesting solutions in five dimensions with nonzero Φ. Therefore, we focus on the term
containing precisely this field. Interestingly, this term takes the form

kπ2

ℓ

∫
εabΦ

2
[
−3λ−1e−φ

(
Rab + ℓ−2eaeb

)
+ 6ϕaT b

]
. (5.43)

Furthermore, if we assume that the two-dimensional manifold is torsionless, a more useful form
of the previous term is given by

−3kπ2

λℓ

∫
d2x

√
−gΦ2e−φ

(
R +

2

ℓ2

)
. (5.44)

Varying with respect to the field Φ yields two possible options

Φ = 0 or R = − 2

ℓ2
. (5.45)

This is precisely the action for JT gravity. Thus, the effect of axial torsion is to couple JT gravity
with the Riemannian DRCS gravity. Using this interpretation, we can obtain the formula for
the black hole entropy. To prepare the stage for this computation in the following subsection,
note that using the Euclidean path integral formalism, it is evident that the entropy of a black
hole with a nonzero Φ field is given by the expression for Φ = 0 plus the standard JT gravity
result. The latter one is given by evaluating the saddle point contribution to the path integral
using the action

3kπ2

λℓ

∫
M

d2x
√
g Φ2e−φ

(
R +

2

ℓ2

)
+

6kπ2

λℓ

∫
M

√
h Φ2e−φ(K −K0), (5.46)

where K is the trace of the extrinsic curvature, and K0 = 1 is a constant whose role is to
subtract the divergences. Note that the on-shell value of the bulk action is zero, and the total
contribution is given by the GHY boundary term.

78



CHAPTER 5. CHERN-SIMONS GRAVITY WITH TORSION

5.4.2 Black hole solution, mass and entropy from JT gravity

Let us use the previous logic to actually compute the contribution of torsion to the entropy of
(2.73) black hole. Varying the action (5.42) with respect to Φ, ϕa, ea, ωab and φ, we obtain the
following set of equations.

Φ
(
−3λ−1e−φ

(
Rab + ℓ−2eaeb

)
+ 6ϕaT b

)
= 0 , (5.47)

−6

ℓλ
e−φεabR

abϕc −
6

ℓ3λ
e−φεabe

aebϕc −
12

ℓ3λ2
εac
[
e−2φdφea + e−2φT a

]
− 12

ℓ
ϕcεabe

aDϕb

−6

ℓ
εac
[
2ϕbDϕbea + ϕbϕ

bT a
]
+

12

ℓλ
εac
[
−e−φdφDϕa + e−φRabϕb

]
− 6

ℓ
εacΦ

2T a = 0 , (5.48)

6

λℓ3
e−φ (1− ϕcϕ

c) εabe
a +

6

ℓ
(1− ϕcϕ

c)εabDϕa −
6

ℓ3λ
e−φΦ2εabe

a = 0 , (5.49)

− 1

ℓ3λ3
εabD

[
e−3φ

(
1 + 3(λℓ)2e2φ(1− ϕcϕ

c)
)]

+
6

ℓ3λ3

(
λeφ + ℓ2λ3e3φ(1− ϕdϕ

d)
)

×1

2
(−εacecϕb + εbce

cϕa) +
6

ℓλ
e2φ (εbcDϕc ϕa − εacDϕc ϕb) +

3

ℓλ
εabd

(
Φ2e−φ

)
= 0 , (5.50)

− 3

ℓ3λ3
e−3φεab

(
Rab +

3

ℓ2
eaeb

)
− 1

ℓ3λ3
e−φεab

(
3ℓ2λ2(1− ϕcϕ

c)
(
Rab + eaeb

)
+ 6ℓ2λ2DϕaDϕb

)
− 12

ℓ3λ2
e−2φεabe

aDϕb +
3

ℓλ
e−φΦ2

(
Rab +

1

ℓ2
eaeb

)
= 0 . (5.51)

We set ℓ = 1 in the following. Note that equation (5.47) is analogous to the first equation in
(4.88), provided that the two-dimensional torsion is zero. One solution to these equations we
are interested in is precisely the dimensionally-reduced black hole we already discussed. More
concretely, the solution has the line element of 1+1 D BTZ black hole (4.99). Two-dimensional
spin-connection is ω01 = rdt and is purely determined from the vielbein. Therefore, geometry
indeed satisfies the equations of JT gravity. Let us explicitly demonstrate that this BH solution
satisfies equation (5.51). Note that this BH is locally AdS2, implying Rab = eaeb, so we have

−6r3
(
e0e1 − e1e0

)
− 6r

(
Dϕ0Dϕ1 − Dϕ1Dϕ0

)
− 12r2

(
e0Dϕ1 − e1Dϕ0

)
= −12r3dtdr − 6r

(
r
√
r2 − µdt

rdr√
r2 − µ

− r√
r2 − µ

r
√
r2 − µdrdt

)

−12r2

(
−
√
r2 − µ

rdr√
r2 − µ

+
rdr√
r2 − µ

√
r2 − µdrdt

)
= 0 , (5.52)

where we used (5.36) to derive Dϕ0 = −r
√
r2 − µdt and Dϕ1 = − rdr√

r2−µ
. For Φ = 0, the

entropy of this black hole should correspond to the entropy (3.76). Using the logic of the
previous subsection, we should add to this entropy the result for the entropy in JT gravity,
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which we computed in (4.107). Of course, we should match the parameter GN from (4.107) to
the one in (5.44). This is done by setting

1

16πGN

= −3kπ2C2 , (5.53)

which is done by matching the prefactor of the action (5.46) and JT gravity (4.82) in Euclidean
signature. Note that the constant C is also part of the JT "Newton’s constant". Therefore, we
should add the term −12kπ3C2√µ to (3.76), resulting in

S = 4π3k
√
µ(µ+ 3)− 12kπ3√µC2 = 12kπ3√µ

(
1 +

µ

3
− C2

)
. (5.54)

This formula constitutes one of the main results of this chapter, and we shall discuss this
formula in the following sections. Before that, we will briefly comment on the boundary terms
in this two-dimensional theory.

5.4.3 Boundary terms

So far, the exact nature of the full boundary term in (5.42) has not been discussed. In this
section, we will derive the boundary terms that we expect to be important for this theory. The
discussion on boundary terms was conducted multiple times in this thesis, and the choice of
boundary conditions in this section will be motivated by the work [31]. Similar to the case of JT
gravity, we will try to remove the boundary variation of the spin-connection. Furthermore, as
fields ϕa originate from the five-dimensional spin-connection, we will define boundary conditions
for them to be such that the component (δab − nanb)ϕ

b ”parallel” to the boundary is fixed,
while the variation of the component nanbϕb should be removed from the boundary variation.
Dilaton field φ is kept fixed at the boundary. The (GHY) boundary term providing us with
such variation is

SGHY = − kπ2

λ3l3

∫
∂N

εabe
−3φ
[
− 2
(
1 + 3(λl)2e2φ(1− ϕcϕ

c − Φ2)naDnb
)

−6
(
eφλ+ e3φλ3(1− ϕcϕ

c − Φ2)
)
ϕdn

deanb − 4λ3e3φ(ϕcn
c)3eanb

+12e2φλ2ϕcn
cnaDϕb − 12e2φλ2(ϕcn

c)2naDnb
]
. (5.55)

Note that the term proportional to Φ2 in the first line of (5.55) is precisely the GHY term in
first-order JT gravity (4.112).

5.5 Full five-dimenisonal theory

Let us now return to the issue of the entropy of a torsionful black hole. First, we shall derive
the energy of this BH using holography, analogously to the derivation in section 3.2. First, we
have to obtain the FG gauge for this BH solution. Line element in the FG gauge is given by
(3.67), so that the FG gauge takes the form of

e(0) = dt , k
0

= −µ
4
dt ,

ei = eiS , k
i

=
µ

4
eiS ,

ω0i = 0 , ωij = ϵijk (ωkS − C ekS) . (5.56)
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We should again try to compute the boundary energy-momentum component ⟨T 00⟩. This time,
we will use a slightly different procedure, simply to complete the analysis. First, note that we
have ⟨Tαβ⟩ = eaα gβγ ⟨T γ

a⟩, with ⟨T γ
a⟩ being the Hodge dual to τa from (3.60). From Section

3.2 it follows that
⟨T α

A⟩ =
k√
−g

ϵαβγδϵabcd

(
1

2
Rbc
βγ + 2 ebβk

c
γ

)
kdδ . (5.57)

Using the identity
1

√−g(0)
ϵtIJKϵ0ijk ẽ

i
I ẽ
j
J ẽ

k
K =

1

ℓ3
ϵ0ijkϵ0ijk = − 6

ℓ3
. (5.58)

we have
ϵ =

〈
T 00
〉
= −

〈
T 0

0

〉
=

3kµ

2

(µ
2
+ 1− C2

)
. (5.59)

The total energy is again obtained by integrating the energy density over the S3, resulting in

3kπ2µ
(µ
2
+ 1− C2

)
. (5.60)

An interesting property of the last formula is that the energy is nonzero for µ = −1. Note that
for the torsionless solution, µ = −1 in (2.73) corresponds to the global AdS spacetime. We
refer to this energy as the vacuum energy on the gravity side of AdS/CFT duality

Evac = −3kπ2

2
. (5.61)

Obtained energy from the boundary perspective is interpreted as the Casimir energy of a CFT
on R× S3, as this is precisely the geometry of the dual field theory. Therefore, we have

ECasimir = −3kπ2

2
. (5.62)

The total energy is negative, as expected for the CS dual [98]. If the deformation in the form
of torsion is present, this energy is changed. From (5.60), we conclude

Evac(C) = |Evac(0)|(−1 + 2C2) , (5.63)

implying that the Casimir energy has a positive increase due to torsion. This modification
of the Casimir energy represents yet another important deliverable from this chapter. The
energy obtained in this fashion matches the energy derived in [134]. However, [134] used the
Hamiltonian analysis, where the variation of the energy was calculated. In order to obtain
the result (5.60), it was necessary to assume δC = 0 in the calculations. Note that for this
energy, and entropy (5.54), the first law of thermodynamics TδS = δE is satisfied, assuming
we do not vary the constant C. Luckily, there is a way to justify this assumption. So far, we
have been interested in pure CS gravity. As some part of our work was based on enhanced
SO(4, 2) symmetry, it is a reasonable assumption to work with pure gravity, as any generic
matter content would spoil this. There is, however, one option to include the matter fields
that still has the desired (and even further enlarged) symmetry - the supergravity model. CS
supergravities have been thoroughly studied in the past, see [33] for a review. Supergravity is
a special type of gravity theory, with additional matter context, such that the local symmetry
algebra is not described by the standard Lie algebra, but a more general structure called the
superalgebra [135]. This is a Z2-graded algebra that has bosonic and fermionic generators,
mixing with each other under supersymmetry transformations. The total action of the theory
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has both bosonic and fermionic fields, standardly coming in pairs. The action, in the bosonic
sector, is taken to be of the form

k

∫ [
LG(e, ω) + LSU(2)(A) + Lint(A, e, ω,A)

]
, (5.64)

where the first term gives the standard 5D AdS CS gravity (1.27) and

LSU(2) = − i

3
Tr

(
AF2 − 1

2
A3F +

1

10
A5

)
,

Lint =
1

4

(
1

2
RabRab +

1

ℓ2
Rabeaeb −

1

ℓ2
T aTa −F IFI

)
A . (5.65)

This theory has a BH solution with the line element given precisely by (2.73), with axial torsion
(2.81).

e0 = f dt , e1 =
dr

f
, ei = reiS ,

ω01 = f(f)′ dt ≡ σdt , ω0i = 0 , ω1i = −f eiS ,

ωi = ω̃i(e)− C eiS , AI = δIi (ω̃
i(e)−B eiS) , A = A0dt . (5.66)

The configuration of the SU(2) gauge field is that of a soliton, with nontrivial Pontryagin index

n1 = −C
(
2− C2

)
∈ Z . (5.67)

As this quantity is necessarily an integer (as implied by mathematical theorems), it cannot have
an arbitrarily small variation. Therefore, generically we have δC = 0, resulting in the claim we
previously made. Having derived this, let us now show a few more indications that the torsion
contribution to the BH entropy in CS gravity is indeed given by (5.54). First, the BH entropy
formula for the CS gravity with torsion was derived in [79] as a Wald entropy in the form

SWald = 2πk

∫
rh

εabcde n
ab

(
Rcdee +

1

3ℓ2
ecedee

)
, (5.68)

where nab is biorthogonal, whose only nonzero components are given as n01 = −n10 = 1
2
. This

result is essentially the same as the standard Wald’s entropy for the Riemannian geometry, with
the difference that the Rab in (5.68) is the Riemann-Cartan curvature, having a contribution
from the contorsion field. Computing this quantity for the BH solution (2.73) with torsion, we
have

SWald = 4kπ

∫
rh

ε01ijkn
01

(
Rijek +

1

3
eiejek

)

= 2kπ

∫
rh

εijk

(
Rijek +

1

3
eiejek

)

= 2kπ

∫
rh

εijke
iejek

(
r(1− C2 − f 2) +

r3

3ℓ2

)

= 2kπ

∫
rh

dΣ 3!

(
rh(1− C2) +

r3h
3ℓ2

)

= 24π3k

(√
µ3

3
+
√
µ(1− C2)

)
, (5.69)
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which coincides with (5.54) up to an irrelevant proportionality constant. At this stage, we
shall again emphasize that the result (5.54) can be obtained by using precisely the same Wald’s
entropy formula as in the standard Riemannian case, but with Riemann-Cartan curvature. As
Wald’s entropy is closely related to the entanglement entropy in the RT, we conjecture that
the correct expression for the entanglement entropy for a theory dual to the CS gravity is given
by the same expression as in the Riemannian case, but with Rieman-Cartan quantities used
instead of the Riemannian ones [136]. More concretely, we conjecture that the entanglement
entropy in the QFT dual to CS gravity, assuming the bulk geometry is given by the AdS
spacetime with torsion ((2.76) with µ = 0) contains the divergent term of the form AC2 ln ε,
with A being the entangling surface of the analysed boundary region.

The second approach we shall use is the one developed in [74]. We compute the energy as
the boundary charge related to the Killing vector field ξ = ∂t, while the entropy is obtained
from the contribution integrated over the BH horizon. This is perfectly in the spirit of Wald’s
approach to the BH entropy. The starting point is the definition of covariant momenta

Πab =
∂L

∂Rab
, Πa =

∂L

∂T a
, Π =

∂L

∂F
= 0 . (5.70)

Computing these quantities for the action (5.64), we obtain.

Πab =
k

2
εabcde

(
Rcdee +

1

3
ecedee

)
+
k

2
(Rab + eaeb)A ,

Πa = −k
2
TaA . (5.71)

The next step is to focus on the variation

δG = ιξe
aδΠa + δeaιξΠa +

1

2
ιξω

abδΠab +
1

2
δωabιξΠab + ιξAδΠ+ δAιξΠ . (5.72)

In this formula, contraction ιξ is done with respect to the Killing vector field ξ = ∂t. This
variation shall be computed at the asymptotic infinity and at the horizon. At infinity, we vary
the parameter µ, while at the horizon, the variation is performed keeping the surface gravity
fixed. The first law of thermodynamics is expressed as

δΓ(∞) = δΓ(rh) , (5.73)

where δΓ(rh) =
∫
rh
δG = TδS. A concrete computation gives

Π01 =
12ke2Se

3
Se

4
S

4

[
r(1− C2 − f 2) +

r3

3

]
,

Π1i =
k

8

[
−4rfσ + 2

(
1− C2 − f 2

)
f − fC

2
A0 + 2r2f

]
ϵijkdte

jek ,

Πij = k

[
−f 2σ +

1

4

(
1− C2 − f 2 + r2

)]
dteieej . (5.74)

Furthermore, we have

Π0 = 0 ,

Π1 = 0 ,

Πi = −k
2
rCεijke

jekA0dt . (5.75)
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It is then easy to obtain that the variation at infinity is given as

δG = 6ke2Se
3
Se

4
Sδµ

(
r2

2
+

1

2

(
1

2

(
−r

2

2
+ (1− C2 − f 2)

)
− CA0

2

))
= 6ke2Se

3
Se

4
Sδµ

(
1

4

(
1− C2 + µ

)
− CA0

4

)
(5.76)

Variation at the horizon is performed using the fact that the surface gravity is kept constant.
For example, we have∫

rh

ιξω
01δΠ01 =

krh
2
δ

((
(1− C2) +

r2h
3

)
rh

)∫
rh

εijke
iejek (5.77)

= 6ke2Se
3
Se

4
S

√
µδ

(
(1− C2)rh +

r3h
3

)
. (5.78)

Disregarding the gauge field, which is not of interest in the pure CS gravity, the end result again
coincides with (5.60) and (5.54). Finally, let us mention two related works that are very relevant
for this thesis. First, one direction in which the previous analysis should be continued is the
addition of other, more general matter fields in the bulk. One way to do this is to include them
directly in the two-dimensional model, as it turns out that, in this case, equations of motion
can often be solved analytically (assuming we are interested in a stationary spacetime). This
line of work is conducted in collaboration with Stefan Djordjevic. Further, a more systematic
approach to the BH entropy can be done, relying on the minisuperspace approximation, as in
[85]. One first chooses a set of fields depending only on one variable (in this case, on r) and
performs a procedure similar to the dimensional reduction, respecting the symmetry. Once a
consistent truncation is found, it is much simpler to perform the analysis of the thermodynamic
properties of the BH solution.
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Chapter 6

Gauge fields on Riemann-Cartan
background and holography

This chapter is based on author’s work [137].

Apart from initial pedagogical considerations, most of the work in this thesis was carried out
in the regime of pure gravity, with the exception of the SUGRA solution that was discussed in
Chapter 5.3, and partial comments made in the 2D reduced theory. Matter fields are, of course,
important, and a natural question is whether we can incorporate them in our study. Having this
question in mind, here we study the dynamics of a gauge field in the BH geometry with torsion,
and apply the holographic dictionary to understand the boundary dual of this theory. In order
to get new and interesting physics, we shall use a nonminimal coupling between the gauge field
and the torsion. This is not surprising, as we already commented that the nonminimal coupling
is necessary in CS gravity to obtain novel solutions to the equations of motion. However, here
we will not be solving gravitational equations. Our work [137] is, as far as we are aware, the first
attempt to merge the holographic analysis of matter fields and the Riemann-Cartan geometry
in the context of condensed-matter physics. For this reason, we believe it is justified to simplify
our analysis and work in the probe limit, where the matter dynamics is decoupled from the
gravitational action, leaving the inclusion of the backreaction for future work.

6.1 Minimal vs non-minimal coupling

Assuming we work in the probe limit, minimal coupling of U(1) gauge field to the spacetime
geometry is blind to torsion. This follows from the fact that the YM action is given by

− 1

2e2

∫
dA ∧ ⋆dA , (6.1)

which does not depend on the affine structure of spacetime. Here, we used the standard
definition of gauge curvature F = dA, or in components Fµν = ∂µAν − ∂νAµ. In Riemannian
spaces, we have an equivalent expression Fµν = ∇µAν −∇νAµ, which could perhaps motivate
that on Riemann-Cartan spaces we should use the same expression as the definition of the
gauge curvature in the YM action (6.1). However, we have

∇µAν −∇νAµ = ∂µAν − ∂νAµ + T ρµνAρ . (6.2)
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This is not a gauge invariant object, and under Aµ → Aµ + ∂µλ it transforms as

∇µAν −∇νAµ → ∇µAν −∇νAµ + T ρµν∂ρλ . (6.3)

Only if the term T ρµν∂ρλ vanishes in the action (which is, of course, not true generally), this
can be a suitable definition for the curvature used in defining a gauge invariant theory. For this
reason, we shall adopt the (6.1) action, which yields the theory unaffected by the presence of
the torsion field. To incorporate the effects of torsion, we will introduce a nonminimal coupling
between the gauge field and the torsion.

Even though we are not aware of any other work, apart from our own, trying to incorporate
torsion and EM fields in a holographic set-up, the interplay between torsion and EM fields
is well-explored in the literature. Perhaps the main motivation comes from the cosmological
considerations, where the torsion may play a certain role. Motivated by the work [138], we will
take the following nonminimal coupling between the gauge field and torsion, controlled by the
coupling we call g

− 1

2e2

∫
F ∧ (1− g2 ⋆ (T a ∧ ⋆Ta)) ⋆ F . (6.4)

Actually, this form of coupling is only briefly mentioned in [138] because this paper, for phe-
nomenological reasons, addresses the issue of four-dimensional spacetime. In this case, it is
possible to consider the coupling of the form

− 1

2e2

∫
F ∧ (1− g2 ⋆ (T a ∧ Ta)) ⋆ F , (6.5)

because TA ∧ TA is a top form. However, in our case, we have to use the combination (6.4).
Furthermore, our signature differs from the one used in [138], so there are sign differences in
our formulas.

More general couplings between U(1) gauge field and torsion, that are at most quadratic in
torsion, have been analyzed in [139]. An appealing alternative to coupling (6.4) is given by the
Preuss term ∫

(T a ∧ F ) ∧ ⋆ (Ta ∧ F ) , (6.6)

which was introduced in [56] to analyse astrophysical implications of torsion. Through this
chapter, we will commit to the use of (6.4), though we will later comment on the possibility of
including term (6.6). As we will see, no conceptual difference arises in our conclusions.

6.2 Spin-current of the background

For the bulk soluton we again consider (2.76) with axial torsion. A simple calculation gives

1− g2 ⋆ (T a ∧ ⋆Ta) = 1 +
3g2C2

r2
≡ C . (6.7)

The time component of the boundary torsion is zero

T
0
= de0 + ω0

i ∧ ei = 0 , (6.8)

while spatial components are given by

T
i
= Cεijkdx

j ∧ dxk . (6.9)
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Boundary geometry in this case coincides with the Minkowski spacetime, but endowed with the
nontrivial torsion (6.9). We believe that this is one of the simplest possible forms of a spacetime
on which the effect of torsion can be studied. Using relation (3.66) from Chapter 3, we have

⟨Sij⟩QFT = kµδ dxi ∧ dxj ∧ dt . (6.10)

Taking the Hodge dual of the last expression, we have

⋆⟨Sij⟩QFT = kµδεijkdxk. (6.11)

Interestingly, the spin-current is proportional to the square of the temperature at the boundary
(2.68). From the spin-current expression (6.11) one can compute the axial current, as advocated
in [25, 87]. The idea behind this is that if we consider a four-dimensional massless Dirac fermion
with the standard action ∫

d4x |e|ψγµ
(
∂µ +

1

4
ωabµ γab

)
ψ , (6.12)

variation of this action with respect to the spin-connection gives a spin-current such that the
combination

J µ
ax =

1

6
εabcdeµaσbcd (6.13)

is proportional to ψγ5γµψ, which is the axial current. Generalizing this idea, one can define
the axial current to be given by the expression (6.13) for a generic spin-current. Taking the
example from this section, we obtain

J 0
ax = kµδ , J i

ax = 0 . (6.14)

6.3 Equations of motion and holographic renormalization

Equations of motion follow directly from (6.4) and are given by

d (C ⋆ F ) = 0 , (6.15)

or, writing down in a local coordinate basis,

∂µ
(√

−gCF µν
)
= 0 . (6.16)

Decomposing a free index ν as ν = α and ν = 1, we get two equations

∂αF
αr = 0, (6.17)

∂r

(√
−gC (r

2 − µ)

r2
∂rAα

)
+
√
−gC∂βF βα = 0. (6.18)

As this is a gauge theory, we have redundancies and the freedom to choose a gauge condition
(as long as this does not affect any physical charges). We take the gauge Ar = 0. The equation
(6.18) then gives the asymptotic expansion of the boundary fields around r = +∞ as

Aα ∼ A(0)
α +Bα

ln r

r2
+
A

(1)
α

r2
, (6.19)

where Bα = 1
2
∂βf

βα for fαβ = ∂αA
(0)
β −∂βA(0)

α being the curvature for the background boundary
gauge field A(0). From now on in this chapter, we take the convention that boundary indices
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are raised and lowered using the flat Minkowski metric. A holographic analysis of this system
closely follows the case of minimal coupling, which can be found in the literature, see for
example [140]. For completeness, we will explicitly show it here, relying on Chapter 3 for
general ideas. Starting from (6.4), we first perform a partial integration, with the bulk term
on-shell vanishing, to get∫

N
d
((
1− g2 ⋆ (TA ⋆ TA)

)
A ⋆ F

)
=

∫
∂N

(
1− g2 ⋆ (TA ⋆ TA)

)
A ⋆ F . (6.20)

After plugin in the form (6.19) into (6.20), we get∫
∂N

(
1 +

3δ2C2

r2

)(
A(0) +B

ln r

r2
+
A(1)

r2

)(
⋆

((
B

(
1

r3
− 2 ln r

r3

)
− 2

A(1)

r3

)
dr

))
, (6.21)

where ⋆ is the bulk Hodge dual, and we disregarded all boundary terms proportional to dr, as
the boundary is defined for r = R = const, in the limit R ≡ 1

ε
→ +∞. Focusing only on terms

that are either finite or infinite in the limit ε→ 0, we obtain

Son−shell = − 1

2e2

∫
∂N

d4y A(0)
α Bα (1− 2 lnR)− 2A(0)

α A(1)α . (6.22)

This action is infinite due to the lnR term, and appropriate holographic renormalization has
to be performed. Similarly, and even more in the spirit of Chapter 3, we compute the on-shell
variation of the action

δSon−shell = − 1

e2

∫
∂N

d4y δA(0)
α

(
(1− 2 lnR)Bα − 2A(1)α

)
. (6.23)

The variation is also infinite, but this infinity can be removed by adding the boundary coun-
terterm

Sct = − 1

e2

∫
d4y lnRA(0)

α Bα . (6.24)

Note that the reason why this works lies in the fact that Bα is secretly the second derivative
of A(0), so the variation of Bα can be, after two partial integrations, written as the variation of
A(0). Focusing on the finite part, we obtain (we put e = 1)

⟨Jα⟩QFT =
δSren

δA
(0)
α

= 2A(1)α −Bα = 2A(1)α − 1

2
∂βf

βα . (6.25)

At this stage, we have the freedom to choose any finite counterterm that does not spoil the
Dirichlet boundary conditions δA(0) = 0 at the boundary. Two different possibilities were
discussed in [140]. For example, we could add the counterterm

−1

4

∫
d4y

(
1

2
− lnR

)
fαβf

αβ , (6.26)

which would correspond to a different choice of a finite counterterm than the one we made.
Another possibility is to add the counterterm

−1

4

∫
d4y

√
−h
(
1

2
− lnR

)
FαβF

αβ , (6.27)

which would give only the first term in (6.25).
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6.4 Holographic conductivity

Bulk gauge field is dual to boundary conserved U(1) current. The fact that the current is
conserved follows from (6.17). One way to extract boundary optical conductivity is to couple
the boundary theory with a source term of the form A(0) ∼ const · eiωt and take the ratio of the
current one-point function and the electric field Ei = −∂tA(0)

i , yielding

σ(ω) =
⟨Jx⟩
E0
x

=
2A

(1)
x + 1

2
∂2tA

0
x

−∂tA(0)
x

=
2

iω

A(1)

A(0)
+ i

ω

2
. (6.28)

Note that, using the theory of linear response, conductivity can be obtained from the current-
current two-point function, giving essentially the same result (see also [141, 142, 143]). As our
goal is to probe the conductivity in the x direction, we make an ansatz for the bulk field as
Ax = Ax(z)e

−iωt. Equation (6.18) then takes the form

d2Ax
dr2

+
3g2C2µ+ 3r4 + r2 (3g2C2 − µ)

r (r2 − µ) (3g2C2 + r2)

dAx
dr

+
ω2

(r2 − µ)2
Ax = 0 . (6.29)

In this section, we will be interested in computing three quantities. First, we compute the AC
conductivity when C = 0, which is the Riemannian case. Next, we compute the DC conductivity
in the general case of C ̸= 0, which is an analytically tractable calculation. Finally, we compute
the full AC conductivity for C ̸= 0, relying on the numerical shooting method.

6.4.1 C = 0 AC conductivity

In the Riemannian case, the equation (6.29) simplifies to

d2Ax
dr2

+
3r2 − µ

r (r2 − µ)

dAx
dr

+
ω2

(r2 − µ)2
Ax = 0 . (6.30)

Further, we make the following rescaling r = t
√
µ to get

d2Ax
dt2

+
3t2 − 1

t (t2 − 1)

dAx
dt

+
ω2

µ(t2 − 1)2
Ax = 0 . (6.31)

This equation has analytic solutions. It is a second-order linear differential equation and thus
has two independent solutions. Even though in the bulk of this thesis it was irrelevant whether
we use the GPKW dictionary in Euclidean or Lorentzian signature, here, in order to compute
holographic conductivity, we have to be more careful. As standard in similar computations
[144], we should impose ingoing boundary conditions at the BH horizon. This is, of course,
only possible in the Lorentzian signature. To explicitly see how this boundary condition is
implemented, let us write the equation (6.31) assuming t ≈ 1, so that the near-horizon limit is
implemented. Performing a simple change of variable as δt = t− 1, we have

d2Ax
dδt2

+
1

δt

dAx
dδt

+
ω2

4µδt2
Ax = 0 . (6.32)

This equation can be solved by taking Ax ∼ δtα, resulting in

α(α− 1) + α +
ω2

4µ
= 0 , (6.33)
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whose two solutions are α = ±i ω
2µ

. The ingoing solution then takes the asymptoti form ∼
δt

−iω
2
√
µ = (t − 1)

−iω
2
√
µ . With this, we are ready to write the solution to (6.31) with ingoing

boundary conditions at the horizon. It is given by

(t− 1)
−iω
2
√
µ (t+ 1)

−iω
2
√
µ

2F1

(
1− iω

2
√
µ
,
−iω
2
√
µ
;
−iω
√
µ

+ 1; 1− t2
)
, (6.34)

where we do not care about the overall normalization, as it is not important for computing the
holographic conductivity. As the equation for the gauge field Ax is analytically solvable in this
case, we simply have to expand the solution around the boundary t→ +∞ and extract the AC
conductivity using (6.28). This can efficiently be done using Wolfram Mathematica and
working in variable 1

t
, resulting in

σ(ω) = iω

(
ψ

(
1− iω

2
√
µ

)
+ γ

)
+
√
µ , (6.35)

with ψ(x) = d lnΓ(x)
dx

being the digamma function. For the later use, we plot the real and the
imaginary part of (6.35) in figures 6.1 and 6.2.
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Figure 6.1: Real part of holographic conductivity for the Riemannian geometry; µ = 1.

6.4.2 Direct current conductivity

Additionally, it is well-known that one can often compute the DC conductivity without having
to fully solve the equation of motion for the gauge field [93]. In general, one could start from
the equation of motion for general C (6.29) and take the ω → 0 limit in the solution, but this is
often tricky and requires a full solution that we do not have in an analytic form. Luckily, there
is a trick we can use to extract only the DC conductivity. Before we proceed, we note that it
is easier to work with the variable z = 1

r
, so that the equation (6.29) now takes the form

d2Ax
dz2

+
3− 2

3g2C2z2+1
+ 2

µz2−1

z

dAx
dz

+
ω2

(1− z2µ)2
Ax = 0. (6.36)
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Figure 6.2: Imaginary part of holographic conductivity for the Riemannian geometry; µ = 1.

The trick is to use the ansatz for the gauge field in the form δA = (−Et+ a(z))dx, so that we
get

∂z
(
(1 + 3g2C2z2) (1/z− µz) ∂za(z)

)
= 0 . (6.37)

This equation shows that the quantity (1 + 12g2C2z2) (1/z− µz) ∂za(z) is conserved when
moving between different z = const slices. Near the z → 0 boundary, we have

(1 + 3g2C2z2) (1/z− µz) ∂za(z) →
1

z
∂za(z) = 2A(1) . (6.38)

Next, we should impose the boundary conditions at the horizon. As ω = 0, we cannot use the
same procedure as before, and instead we shall insist that the quantity FµνF µν is finite at the
horizon. This regularity condition enforces the relation

∂za(z)|zh =
E

1− µz2
|zh , (6.39)

and this, in turn, enables us to compute the conserved quantity at the horizon. Equating the
value of the conserved quantities at the horizon and the asymptotic boundary, we have

2A(1) =

(
1 +

3g2C2

µ

)
√
µE . (6.40)

Using the relation σDC = ⟨Jx⟩
E

, we get

σDC =
√
µ+

3g2C2

√
µ

. (6.41)

The inverse of conductivity (the resistivity ρ = 1
σ
) is plotted against the temperature (2.68) in

figure 6.3. At low temperatures, resistivity is linear in temperature, a consequence of our non-
minimal coupling to torsion (6.4). Furthermore, there is a transition temperature at Tc =

√
3gC
2π

,
above which the resistivity is a decreasing function of temperature. Despite this nice behaviour
(resembling both metallic and semiconductor behaviour), we have to stress that our calculation
was done in the probe limit, and it is known that in this limit, DC conductivity should not be
taken completely seriously. For example, even in the most famous consideration of holographic
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conductivity ([22] and references therein), we can see that DC conductivity, obtained as the
limit ω → 0 of the real part of AC conductivity, tends to some finite value, even though in that
model it is expected that DC conductivity diverges. Nevertheless, our computation of the DC
conductivity in this subsection will serve as a sanity check for the numerical computation that
follows. Finally, note that in our work, BH in the bulk is not electrically charged, and thus we
do not expect infinite conductivity at the boundary.
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Figure 6.3: DC conductivity in terms of temperature; C and g are held fixed.

6.4.3 Numerical analysis for C ̸= 0

Unfortunately, the torsionful case does not have an analytic solution for the AC conductivity.
Therefore, we use numerical methods, implemented in Wolfram Mathematica. We will not
present the whole code, as this is a very standard procedure, and the code used in this work
was obtained by modifying the preexisting code by Mihailo Cubrovic1. We start by solving the
equation near the horizon.

f[z_] = 1/z - z*\[Mu];
EOM = Evaluate[

D[(1 + 3*(gC)^2*z^2)*f[z] D[Ax[z], z],
z] + (omega )^2*(1 + 3*(gC)^2*z^2)/
(z^2 f[z]) Ax[z]];

Ax[z_] = (1/ Sqrt [\[Mu]] - z)^(-I*omega/AA) Sum[
s[i] (\[Mu] - z)^(i - 1), {i, 1, 1}]

EOMLeading = Simplify [(1/ Sqrt [\[Mu]] - z)^(I*omega/AA) EOM]

Further terms in the expansion are obtained by expanding the field in a power series near
the horizon and solving algebraic relations for the series coefficients. The code implementing
this is

HorOrder = 6;
Ax[z_] = (1/ Sqrt [\[Mu]] - z)^(-I*omega/(AA)) (1 +

Sum[s[i] (1/ Sqrt [\[Mu]] - z)^(i), {i, 1, HorOrder }]);
EOMHor = Simplify [(1/ Sqrt [\[Mu]] - z)^(I*omega /(AA)) EOM];

1To whom the authors express a deep gratitude.
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EOMHorSer =
s*Normal[Series[EOMHor , {z, 1/Sqrt [\[Mu]], HorOrder }]] /. {z ->

1/Sqrt [\[Mu]] - s};
Cons = Table[Coefficient[EOMHorSer , s^i], {i, 1, HorOrder }];
HorSolCoeff = Solve[Cons == 0, Table[s[i], {i, 1, HorOrder }]]
FullHorSol[

z_] = (1/ Sqrt [\[Mu]] - z)^(-I*omega/(AA)) (1 +
Sum[s[i] (1/ Sqrt [\[Mu]] - z)^(i), {i, 1, HorOrder }]) /.

HorSolCoeff [[1]];

The idea is then to use Mathematica’s built-in function NDSolve to numerically get the
solution of the equation

zb = 10^( -6);
zHor = 1/Sqrt [\[Mu]] - zb;
BCHor1 = FullHorSol[zHor];
BCHor2 = D[FullHorSol[z], z] /. {z -> zHor} // Simplify;
AxAns[zVal_ , omeVal_] :=

Ax[zVal] /.
NDSolve[Evaluate [{EOM == 0, BCHor1 == Ax[zHor],

BCHor2 == Ax ’[zHor]} /. {omega -> omeVal}], Ax,
{z, zb , zHor }];

After obtaining the solution for Ax component, we should use the asymptotic expansion (6.19)
to obtain the one-point function, and then use (6.28) to extract the holographic AC conductivity,
which is effectively done by the command

sigSol = (-I/( omeVal )) (D[D[sigFunc[z], z], z]/ sigFunc[z] +
omeVal ^2/2*(3 + 2*Log[z])) + (I*omeVal /2) /. {z -> zb};

The relevant graphs for the real and the imaginary part of σ(ω) are given in figures 6.4 and 6.5.
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Figure 6.4: Holographic AC conductivity (real part) for different values of torsion constant C
(gC = 0, 1, 2, 2.4 respectively from bottom to top); µ = 1.

First, note that the bottom (blue) line in both figures corresponds to the C = 0 case, where
we should reproduce the results of subsection 6.4.1. Indeed, it is evident that the bottom line,
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Figure 6.5: Holographic AC conductivity (imaginary part) for different values of torsion con-
stant C (gC = 0, 1, 2, 2.4 respectively from bottom to top); µ = 1.

obtained numerically in this section, matches the analytical result from subsection 6.4.1, given
in figures 6.1 and 6.2. Furthermore, the intersection of lines with the vertical ω = 0 axis should
reproduce the results for DC conductivity. Again, it is easy to see that this is indeed the case.
Finally, note that even for C ̸= 0 we have a linear in ω behaviour for large frequencies, as
expected for a five-dimensional bulk.

Before proceeding to the discussion of our results, we briefly comment on an alternative
coupling (6.6). In this case, the analogue of equation (6.29) is

d2Ax
dr2

+
2g2C2µ+ 3r4 + r2 (2g2C2 − µ)

r (r2 − µ) (2g2C2 + r2)

dAx
dr

+
ω2

(r2 − µ)2
Ax = 0 , (6.42)

which essentially takes the same form as (6.29), so that no crucial difference arises in a subse-
quent analysis of the holographic conductivity. From the last equation, one might conjecture
that the only difference between couplings (6.4) and (6.6) is the change 3g2C2 → 2g2C2, but
this is not entirely correct. For example, if we were to introduce a finite chemical potential at
the boundary, we need to solve the equation for At component of the gauge field. By making
the ansatz A = At(r)dr, we have

r
(
3g2C2 + r2

) d2At
dr2

+ 3
(
g2C2 + r2

) dAt
dr

= 0 , (6.43)

which is solved by

At(r) = µ− 2ρ

 ln
(
1 + 3g2C2

r2

)
6g2C2

 . (6.44)

In this expression, µ and ρ are integration constants, representing the boundary chemical
constant and charge density. On the other hand, for the alternative coupling (6.6), we have the
equation

r
(
6g2C2 + r2

) d2At
dr2

+ 3
(
2g2C2 + r2

) dAt
dr

= 0 , (6.45)

with solution

At(r) = µ− 2ρ

 ln
(
1 + 6g2C2

r2

)
12g2C2

 . (6.46)
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Here, it is obvious that the previous substitution 3g2C2 → 2g2C2 does not hold. Nevertheless,
the form of the solutions is similar, so we do not expect any different behaviour in the boundary
duals for (6.4) and (6.6) couplings.

6.5 Interpretation of the results

Let us recall the simplest set-up for calculating real and imaginary optical conductivity of a
metal - the Drude model (see any textbook reference in basic condensed matter physics, [145]).
This model uses classical mechanics of electrons of massm in a metal, with a stochastic damping
force, resulting in equation

dp⃗

dt
= −eE⃗ − p⃗

τ
, (6.47)

where p = mv⃗ is the momentum of an electron. We are interested in dp⃗
dt

= 0 and E⃗ =

Re
(
E⃗0e

−iωt
)
. Making the ansatz p⃗(t) = Re (p⃗(ω)e−iωt) results in an expression for the charge

current j⃗ = −enp⃗ = Re (−enp⃗(ω)e−iωt). From the definition of optical conductivity

j⃗(ω) = σ(ω)E⃗(ω) (6.48)

one can compute the real and imaginary part of optical conductivity

Re (σ(ω)) =
σ0

1 + ω2τ 2
. (6.49)

The behaviour for small ω is called the Drude peak, and is presented in figure 6.6. Note the
similarity between this figure and 6.4 for small ω. We can thus conclude that in the probe limit,
coupling (6.4) introduced a finite-width Drude peak in optical conductivity at the boundary.
Drude peak is present in real materials, so the torsion field and the nonminimal coupling in
(6.4) create a more realistic model of holographic material in the probe limit.
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Figure 6.6: Plot of one-sided Lorentzian: the Drude peak, obtained in the Drude model of
conductivity.

As already mentioned, linear in ω behaviour for large frequencies is dictated by the under-
lying conformal invariance in four dimensions. Interestingly, we can find examples of real-world
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materials that show similar behaviour. For example, the material Ir2In8Se was shown in [146]
to have a linear in ω behaviour for real part of optical conductivity in a large range of frequen-
cies, while for small ω this material’s conductivity profile shows the Drude peak. This material
is an example of a semimetal, and one cannot notice a similarity between our results for the
Re(σ(ω)) and the one experimentally obtained in [146]. Of course, it is impossible to claim that
our simplified model has anything to do with this real-life material, but some general features
are obviously present both in our results and in something that we can find in the laboratory,
thus accomplishing one of our goals for this thesis: to find the role of Riemann-Cartan geometry
outside the standard high-energy phenomenology.
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Chapter 7

Noncommutative gravity

This chapter is based on author’s work [114, 147, 148, 149].

So far in this thesis, we have assumed that the bulk spacetime is well described by classical
geometry, while the novelty of the approach, compared to the more traditional usage of gauge/-
gravity duality, was that the bulk is not restricted to be described with Riemannian geometry,
with metric as the only fundamental field. However, we would like to make a step ahead and
be able to consider quantum bulk spacetimes. We know that holographic duality implies that
the bulk spacetime is emergent. It is then natural to assume that, at least in some regime, it
makes sense to consider a quantum bulk. As emphasised in [47], one way to introduce a quan-
tum bulk is precisely by using noncommutative geometry, the idea that spacetime coordinates
do not commute. We stress that there is no unique approach to defining physical models on
noncommutative spacetimes. Most of the work done in this direction studies quantum field
theory on deformed Minkowski spacetime. However, for the purpose of holographic duality, we
are interested in asymptotically AdS spacetimes and, therefore, should discuss different ways
to deform those spaces. In this chapter, we will show two different approaches that enable us
to do so, and, as expected, they will be closely related to the first-order formulation of gravity.

7.1 Multiple approaches: Seiberg-Witten map and frame
formalism

Even though it is not necessarily connected to string theory, noncommutative physics benefited
from string theoretic considerations [150]. Effective physics on a brane, in the presence of a
nonzero B field, is described using NC gauge theory. For this reason, Seiberg and Witten
considered noncommutative gauge theories and established a mapping between NC degrees
of freedom and their commutative counterparts, known as the Seiberg-Witten map. As the
goal of this thesis is not to develop NC field theories, but rather to consider their interplay
with holographic duality, we will not spend too much time elaborating on the construction and
mathematical formalism underlying NC gravity. Instead, we will give a practical overview of
the two approaches we use in this work.

As explained in the introductory subsection 1.2.3, in order to deal with NC spacetime and
NC field theory, with a canonical choice of commutation relations among coordinates, we can
employ the formalism of the Moyal star product (1.30). The simplest choice then is to take
a commutative field theory and change each product to the star product. For example, an
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interacting scalar field theory with self-interaction ϕ4 is described using the Lagrangian

1

2

∫
dDx

(
∂µϕ ⋆ ∂

µϕ−m2ϕ ⋆ ϕ+
λ

4
ϕ ⋆ ϕ ⋆ ϕ ⋆ ϕ

)
. (7.1)

One can then expand this action in powers of θµν , with the zeroth order manifestly providing
us with the commutative theory. Higher orders in the NC parameter give corrections to the
commutative theory, and we are precisely interested in them. However, the issue arises when we
consider gauge theory. If a commutative theory is invariant under certain gauge transformations
(redundancies, in this context), we expect that an analogous notion can be found in the NC
theory. However, as we shall see below, there are problems if one uses the simplest logic of
substituting ordinary products with the star products as before. It is precisely at this point
that one can use the Seiberg-Witten (SW) map. Furthermore, as we already saw in this
thesis, certain gravity models can be modeled using gauge theory, so that the combination
of the SW map and gauge theory of gravity can be used to define an NC gravity model.
This way of reasoning has its own pros and cons. On the one hand, it provides us with
a relatively simple model with deformed gravity equations, solving which we can find the
corrections to the observed quantities. Furthermore, as the modes manifestly reduce to the
commutative one when θ → 0, corrections are usually treated using standard techniques of field
theory. While this comment is generally considered a positive aspect, we stress that it makes
certain important questions about the quantum spacetime non-transparent. For example, in
this approach, it is rather trivial to define the boundary of a spacetime, because we can use the
standard methodology of manifolds [46], but if spacetime coordinates are viewed as operators,
this methodology cannot be applied. In this thesis, we shall consider additional formalism that
directly defines quantum NC spacetime, with coordinates being operators (acting in a certain
representation on Hilbert space). The formalism we will use is called the frame formalism,
and relies on the first-order formulation of gravity. Comparison between the SW approach
and the frame formalism, with many references, can be found in [83]. In this case, we will
be interested in reproducing the calculation of the boundary correlation functions of operators
dual to the scalar field from the beginning of the section 3.1, modeling the bulk as a quantum
AdS spacetime using the frame formalism.

7.2 SW map, twist deformation and CS gravity

The purpose of this section is to introduce the concept of twist deformations in field theory
and Seriberg-Witten mapping. We shall not go into the mathematical details of the formalism
(usually formulated using Hopf algebras), but rather we will give a practical introduction to the
subject, focusing on the main results of the program and applications in gravity. We shall then
present some results we obtained using this formalism. We already discussed in the introductory
subsection 1.2.3 that one way to incorporate NC effects is to deform the algebra of functions
on a classical spacetime. Furthermore, we already encountered one particular deformation of
the Minkowski plane: a Moyal-Weyl deformation with constant noncommutativity in Cartesian
coordinates (1.30).

The most straightforward way to generalise this is to consider a more general type of twist
deformations. Let XI be a set of mutually commuting vector fields on some manifold M. It is
not necessary that their number coincides with the dimension of the spacetime. We then define
the twist as

F = exp
(
− i

2
θIJXI ⊗XJ

)
. (7.2)
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The Abelian nature of the vector fields XI ensures that this twist will be associative. Expanding
the exponent of the twist’s inverse, we get

F−1 = exp
(
i
2
θIJXI ⊗XJ

)
= 1⊗ 1 + i

2
θIJXI ⊗XJ − 1

8
θI1J1θI2J2XI1XI2 ⊗XJ1XJ2 + · · · , (7.3)

where µ is the multiplication of the tensor product factors. Acting on salar functions, we have

(f ⋆ g)(x) = µ
(
F−1(f ⊗ g)

)
= f(x)g(x) +

i

2
θIJXI [f ]XJ [g] +O(θ2), (7.4)

with XI [f ] = Xµ
I ∂µf . Often, the twist is abbreviated as

F−1 ≡ f̄α ⊗ f̄α , (7.5)

such that we can deform the commutative algebra of functions on the manifold M into a more
general NC algebra, using the star product

f ⋆ g = f̄α(f)f̄α(h) = µ
(
F−1(f ⊗ g)

)
. (7.6)

If we take XI to be a set of coordinate basis vector fields ∂µ, we get (1.30). As most of the
work in this thesis is carried out using differential forms, we note that the twist can be used to
deform the exterior derivative of two forms as

τ ∧⋆ τ ′ = f̄α(τ) ∧ f̄α(τ ′) =
+∞∑
n=0

(
i

2

)n
θI1J1 . . . θInJn(LI1 . . .LInτp) ∧ (LJ1 . . .LJnτ ′)

= τ ∧ τ ′ + i

2
θIJ(LIτ) ∧ (LJτ ′) +

1

2!

(
i

2

)2

θI1J1θI2J2(LI1LI2τ) ∧ (LJ1LJ2τ ′) + . . . (7.7)

In this expression, LI stands for the Lie derivative with respect to the vector field XI .

The next important aspect we shall discuss is the Seiberg-Witten mapping, used to address
the issue of NC gauge field theory. Let us consider a classical gauge transformation with
parameter ϵ = ϵKTK , where TK are algebra generators. We have

δϵA = −dϵ− [A, ϵ] = −dϵ− A ∧ ϵ+ ϵ ∧ A , (7.8)
δϵF = [ϵ, F ] = ϵ ∧ F − F ∧ ϵ . (7.9)

It is an important property of the commutative gauge transformations that they are closed
under the commutator, meaning that we have

[δϵ1 , δϵ2 ]F = δ−[ϵ1,ϵ2]F . (7.10)

However, if we naively define the star commutator [Â, B̂]⋆ = Â ⋆ B̂ − B̂ ⋆ Â, and consider NC
gauge transformations

δ̂ϵ̂Â = −dϵ̂− Â ∧⋆ ϵ̂+ ϵ̂ ∧⋆ Â , (7.11)

δ̂ϵ̂F̂ = ϵ̂ ∧⋆ F̂ − F̂ ∧⋆ ϵ̂ . (7.12)

one can easily check that we have

[δ̂ϵ̂1 , δ̂ϵ̂2 ]F̂ = δ̂−[ϵ̂1,ϵ̂2]⋆F̂ = −[[ϵ̂1, ϵ̂2]⋆, F̂ ]⋆ . (7.13)
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It is important to note that in the last formula, we have

[ϵ̂1, ϵ̂2]⋆ =
1

2

(
[ϵ̂K1 , ϵ̂

L
2 ]⋆{TK , TL}+ {ϵ̂K1 , ϵ̂L2 }⋆[TK , TL]

)
. (7.14)

For a generic Lie algebra (for example, SU(N)), the anticommutator of two algebra elements
does not belong to the algebra. In order to circumvent this issue, one has to introduce the
universal enveloping algebra (UEA), which, in addition to the original generators TA, also con-
tains all the symmetrized powers of them. This would imply that our gauge connection, gauge
curvature, and the parameter ϵ̂ are UEA-valued. However, UEA’s are infinitely dimensional,
and it is not clear what to do with the infinite amount of newly introduced degrees of freedom.
It is precisely at this point that the results of [150] become important. It was shown in the
quoted paper that one can make a correspondence between an NC theory and an appropri-
ate commutative gauge theory, such that the NC gauge transformations are induced by the
commutative ones. In formulas, we have

δ̂ϵ̂Â(A) = Â(A+ δϵA)− Â(A) . (7.15)

Combining (7.8) and (7.11), we can obtain a perturbative in θIJ expansion of NC fields, starting
from the commutative ones, as

Â = A− i

4
θIJ{AI ,LJA+ FJ} , (7.16)

ϵ̂ = ϵ− i

4
θIJ{AI ,LJϵ} . (7.17)

In this formula we used notation AI ≡ iXI (A) =
1
2
ΩAB
I JAB + l−1EA

I JA5, representing a contrac-
tion with repsect to the vector fields XI .

Precisely this definition was used in [151] to construct an NC version of the CS action (1.25).
The starting point is the observation that in the NC case, we also have∫

N2n

Tr
(
F̂∧n⋆

)
=

∫
∂N2n

Q̂
(2n−1)
CS , (7.18)

where, in order to introduce the noncommutativity on ∂N2n, it was assumed that the vector
fields XI restrict to vector fields on the boudnary. It turns out that the first-order correction
to the commutative CS action is given by

δθQ̂
(2n−1)
CS =

i

2
θIJ
∫

Tr

(
FDFI

n−3∑
k=0

(k + 1)F n−3−kFJF
k

)
. (7.19)

This form of correction holds for a general Lie group, though we will be interested in the case of
the AdS group in order to get corrections to (2.32). Note that for D = 3, implying n = 2, there
are no corrections of any order to the CS action. However, a nontrivial correction is obtained
in five dimensions, where we have

δθL
(5)
CS,NC =

k

6
θIJTr (F ∧ DFI ∧ FJ) . (7.20)

Working with the SO(4, 2) Lie algebra, we have

DFI = dFI + [A,FI ]

=
1

2

(
DΩF

AB
I +

1

ℓ2
(
EATBI − EBTAI

))
JAB +

1

ℓ

(
DΩT

A
I + FAB

I EB
)
JA5 . (7.21)

100



CHAPTER 7. NONCOMMUTATIVE GRAVITY

In order to make the difference between the SO(4, 2) covariant derivative and the covariant
derivative with respect to the spin-connection, the latter was denoted by DΩ. However, in what
follows, we shall omit the symbol Ω, as we will not use SO(4, 2) covariant derivative anymore.
Performing a concrete computation in the representation of SO(4, 2) defined in Appendix A.1,
we have

S
(5)
CS,θ = S

(5)
CS +

kθIJ

12

∫ (
FAB(FI)BC(DΩFJ)

C
A +

1

ℓ2
FAB(FI)BC(TJ)

CEA

+
1

ℓ2
FAB(TI)B(DΩTJ)A +

2

ℓ2
FAB(TI)B(FJ)ACE

C +
1

ℓ2
TA(TI)

B(DΩFJ)BA

+
1

ℓ2
TA(DΩTI)

B(FJ)BA +
1

ℓ2
TA(FI)

AB(FJ)BCE
C +

2

ℓ4
TA(TI)B(TJ)

[BEA]

)
. (7.22)

where FAB = RAB + 1
ℓ2
eAeB. Note the crucial role played by the torsion in this action. If

we were to assume a priori that the geometry is Riemannian (which is not consistent due to
torsion being part of gauge curvature, but often people make similar assumptions), the first-
order correction in (7.22) would vanish, up to boundary terms.

7.2.1 Chiral gravitational anomaly: demonstrating the role of torsion

Similar to considerations in Chapter 4, we can define a four-dimensional gravity model by
performing a dimensional reduction of (7.22). The procedure is analogous to the one we used
before. However, note that the CTG gravity and its NC extensions were previously considered
in the literature (see [147] for a review), because of the relation with EH action through the
MMCSW, see subsection 4.1.2. It turns out that the first nontrivial correction to the CTG
action is proportional to θ2, and therefore very cumbersome. In order to get the first-order
correction to this action, we shall insist that in the dimensional reduction, one of the vector
fields XI is given by ∂4, with the additional fifth dimension labeled by the index 4. Interestingly,
there indeed is a first-order correction to the CTG action obtained in this way, but it is still
very complicated. To make the expressions even simpler, and also to make the connection with
more realistic modes, we will perform a symmetry breaking discussed in the subsection 4.1.2.
We have to compute all the components appearing in the first-order correction from (7.22). We
start by noting that we have

F ab
µν = Rab

µν +
1

ℓ2
(eaµe

b
ν − eaνe

b
µ) ,

F ab
µ4 = F a4

µν = 0 ,

F a4
µ4 = − 1

l2
Dµϕ

a +
1

ℓ3
eaµφ

SB−→ 1

ℓ2
eaµ , (7.23)

where indices µ and a stand for four-dimensional coordinate and local Lorentz indices. In the
last step, we performed the symmetry breaking (4.37). As for the components of torsion, we
have

T aµν = ∂µe
a
ν − ∂νe

a
µ + ωaµbe

b
ν − ωaνbe

b
µ ,

T aµ4 = T 4
µν = 0 ,

T 4
µ4 =

1

ℓ
Dµφ+

1

ℓ2
eaµϕa

SB−→ 0 . (7.24)
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Furthermore, we have

(DFI)AB =dFAB
I + ΩA

CF
CB
I − ΩB

CF
CA
I

=
1

2

[
∂µ̃(X

α̃
I F

AB
α̃ν̃ )− ∂ν̃(X

α̃
I F

AB
α̃µ̃ ) +X α̃

I

(
ΩA
µ̃ CF

CB
α̃ν̃ − ΩB

µ̃ CF
CA
α̃ν̃

− ΩA
ν̃ CF

CB
α̃µ̃ + ΩB

ν̃ CF
CA
α̃µ̃

)]
dxµ̃dxν̃ . (7.25)

Writing the components explicitly, we have

(DFI)
ab
µν = Dµ(X

α
I F

ab
αν)− Dν(X

α
I F

ab
αµ) ,

(DFI)
a4
µν = −Dµ(X

4
IF

a4
ν4 ) + Dν(X

4
IF

a4
µ4 )

SB−→ − 1

ℓ2
(
Dµ(X

4
I e

a
ν)− Dν(X

4
I e

a
µ)
)
,

(DFI)
ab
µ4 =

1

ℓ2
X4
I

(
ϕaF b4

µ4 − ϕbF a4
µ4

) SB−→ 0 ,

(DΩFI)
a4
µ4 = Dµ(X

α
I F

a4
α4)−

1

l2
Xα
I F

ab
αµϕb

SB−→ 1

ℓ2
Dµ(X

α
I e

a
α) . (7.26)

In addition, we compute the derivatives of contracted torsion as

(DTI)A = dTAI + ΩA
BT

B
I

=
1

2

[
∂µ̃

(
X α̃
I T

A
α̃ν̃

)
− ∂ν̃

(
X α̃
I T

A
α̃µ̃

)
+X α̃

I

(
ΩA
µ̃ BT

B
α̃ν̃ − ΩA

ν̃ BT
B
α̃µ̃

))]
dxµ̃dxν̃ , (7.27)

which in components reads

(DTI)
a
µν = Dµ(X

α
I T

a
αν)− Dν(X

α
I T

a
αµ) , (7.28)

(DTI)4µν = Dµ(X
4
IT

4
4ν)− Dν(X

4
IT

4
4µ)

SB−→ 0 , (7.29)

(DTI)aµ4 = −X4
IT

4
µ4ϕ

a SB−→ 0 , (7.30)

(DTI)4µ4 = Dµ(X
α
I T

4
α4)−Xα

I T
a
αµϕa

SB−→ 0 . (7.31)

Combining all previous formulas, we obtain the form of the reduced action, which, after the
symmetry breaking, takes the form of

Sred,θ =
(2πR)k

12
θIJ
∫ [

2

ℓ4
X4
JR

abTa(eI)b −
4

ℓ4
X4
JT

a(RI)abe
b +

2

ℓ4
X4
JR

ab(TI)aeb

+
6

ℓ6
X4
JT

aea(eI)
beb −

4

ℓ4
(∂X4

J)R
abeb(eI)a −

2

ℓ4
(∂X4

J)(R
abeb)Iea

]
. (7.32)

Let us explicitly illustrate the reduction procedure for one of the terms in (7.22): the fourth
one, for example. We have

−θ
IJ

ℓ2
X α̃
I X

β̃
JF

AB
µ̃ν̃ Tα̃ρ̃BFβ̃σ̃ACE

C
τ̃ ε

µ̃ν̃ρ̃σ̃τ̃d4x

= −θ
IJ

ℓ2

(
Xα
I X

β
JF

AB
µ̃ν̃ Tαρ̃BFβσ̃ACE

C
τ̃ +X4

IX
4
JF

AB
µ̃ν̃ T4ρ̃BF4σ̃ACE

C
τ̃ +Xα

I X
4
JF

AB
µ̃ν̃ Tαρ̃BF4σ̃ACE

C
τ̃

+X4
IX

β
JF

AB
µ̃ν̃ T4ρ̃BFβσ̃ACE

C
τ̃

)
εµ̃ν̃ρ̃σ̃τ̃d4x . (7.33)
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Unpacking even further, we have

− θIJ

ℓ2
Xα
I X

4
J

(
FAB
µ̃ν̃ Tαρ̃BF4σ̃ACE

C
τ̃ − FAB

µ̃ν̃ T4ρ̃BFασ̃ACE
C
τ̃

)
εµ̃ν̃ρ̃σ̃τ̃d4x

=
θIJ

ℓ2
Xα
I X

4
J

(
− FAB

µν TαρBF4σACE
C
4 + 2FAB

µ4 TανBF4ρACE
C
σ − 2FAB

µ4 T4νBFαρACE
C
σ

)
εµνρσd4x

=
θIJ

ℓ2
Xα
I X

4
J

(
F ab
µνTαρbFσ4a4E

4
4 − 2F b4

µ4TανbFρ4c4E
c
σ + 2F a4

µ4T
4
ν4FαρacE

c
σ

)
εµνρσd4x

SB−→ −θ
IJ

ℓ4
Xα
I X

4
JR

ab
µνTαρaeσbε

µνρσd4x . (7.34)

where the last line follows after the symmetry breaking, obtaining the promised fourth term in
(7.22). Assuming that ∂µX4

i = 0, which does not break four-dimensional diffeomorphisms, we
obtain the final form of the action

Sred,NC =
(2πR)k

8ℓ3

∫
εabcd

[
ℓ2RabRcd + 2Rabeced +

1

ℓ2
eaebeced

]
+
(2πR)k

12
θI4
∫ [

2

ℓ4
RabTa(eI)b −

4

ℓ4
T a(RI)abe

b +
2

ℓ4
Rab(TI)aeb +

6

ℓ6
T aea(eI)

beb

]
. (7.35)

Again, note that by setting T a = 0 in the action (7.35), the correction vanishes, indicating the
close relation between NC corrections in this model and torsion. The equations of motion of
(7.35), obtained by varying with respect to the vielbein and the spin-connection, yield

ε d
abc

(
Rabec +

1

ℓ2
eaebec

)
− θI4

3ℓ

[(
Rdb +

3

ℓ2
edeb

)
(DeI)b − 2(DRI)

dbeb

]
= 0 ,

εacbdT
bed +

θI4

3ℓ

[
1

2
Rabec(eI)b −

1

2
Rcbea(eI)b + (RI)

abeceb − (RI)
cbeaeb +

3

ℓ2
eaebec(eI)b

]
= 0 .

(7.36)

We simplified the equations as we know that the classical solution to the EH equations without
any matter context is torsionless, and therefore we can neglect all the terms containing the
torsion field in the first-order corrections from (7.36). Working perturbatively in powers of
θI4, one can show that a pure AdS solution without torsion remains the solution of (7.36). In
addition, we can consider a BH solution. Up to this point, we didn’t pay much attention to
the AdS Schwarzschild black hole (2.12). This spacetime solves the commutative equations of
motion for the EH theory. We therefore seek a modification of the commutative geometry by
writing ea → ea + δea and ωab → ωab + δωab. Next, we note that so far we have not specified
vector fields XI . In order to get a tractable calculation, we choose that the only nonvanishing
vector field (apart from already introduced ∂4) is given by Xr = ∂r, with r being the black-hole
radial variable. One can then verify that the equations are solved if one takes δea = 0 and

δω23
0 =

mθ14

ℓr3
, δω03

2 = − mθ14

2ℓr2f(r)
, δω02

3 =
mθ14

2ℓr2f(r)
sin θ , (7.37)

where f 2(r) ≡
(
1− 2m

r
+ r2

ℓ2

)
. For this solution, torsion is given as

T̃ 0
23 = −mθ

14

ℓ

sin θ

rf(r)
, T̃ 2

03 =
mθ14

2ℓ

sin θ

r2
, T̃ 3

02 = −mθ
14

2ℓr2
. (7.38)
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This implies that the underlying geometry is indeed the Riemann-Cartan geometry. Compo-
nents of the Riemann-Cartan curvature are

R̃01
23 = −mθ

14

ℓ

sin θ

r2
, R̃02

13 = −mθ
14

ℓ

[
f ′(r)

2r2
+
f(r)

r3

]
sin θ

f 2(r)
= − sin θR̃03

12 ,

R̃12
03 =

mθ14

ℓ

[
f ′(r)

2r2
− f(r)

r3

]
sin θ = − sin θR̃13

02 , R̃23
01 =

3mθ14

ℓr4
. (7.39)

One particular aspect of this spacetime configuration is that the Pontryagin density P =
RabRab is nonvanishing. Making the explicit calculation, we obtain

RabRab = 2
(
−R01R01 −R02R02 −R03R03 +R12R12 +R13R13R23R23

)
=
((8m

r3
− 4

ℓ2
)4mθ14
ℓr2

sin θ + 8
(m
r3

+
1

ℓ2
)mθ14r sin θ

f(r)ℓ

(f ′(r)

2r2
+
f(r)

r3
− f ′(r)

2r2
+
f(r)

r3
))

d4x

=
48m2θ14

ℓr5
sin θd4x . (7.40)

This is interesting because P appears in the expression for axial gravitational anomaly. Namely,
as we already discussed in Chapter 6, the Dirac action has two conserved currents Jµ and J µ

ax.
In the case of an applied electromagnetic field, both of them cannot be simultaneously conserved
at the quantum level. However, a similar situation happens if the Dirac action is considered on
a curved background [43]. It turns out that the non-conservation of J5 current is given as

d ⋆ Jax =
1

96π2
RabRab , (7.41)

where this result is standardly derived in the realm of Riemannian geometry. In the case of
Riemann-Cartan geometry, the generalization of (7.41) was done for the first time in [152],
where it was shown that the Nieh-Yan term can modify the expression for the chiral anomaly.
Interestingly, the original derivation was challenged in subsequent years [153], with many pro-
posals for the correct expression of the anomaly (see [154] for a recent discussion). Luckily, in
our case, the Nieh-Yan term N = T aTa − Rabeaeb = 0, so we do not have to worry about this
issue. Therefore, in the case at hand, we have

d ⋆ Jax =
m2θ14

2π2ℓr5
sin θ dt ∧ dr ∧ dθ ∧ dϕ , (7.42)

or, equivalently

∂µ(
√
−gJ µ

ax) =
m2θ14

2π2ℓr5
sin θ . (7.43)

We see that the NC effects, parametrized by θ14, enable us to obtain a BH spacetime for which
the left-hand side of (7.43) is nonvanishing

7.3 Scalar field with twist deformation on asymptotically
AdS spacetime

Let us now discuss another way to use NC theory to obtain some interesting conclusions about
quantum deformations of spacetime. In the last section, we have seen that it is possible to
use the SW map to obtain the corrections to classical geometry. However, those corrections
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depend upon our choice of the twist vector fields XI , and it is hard to find any consistent
choice of the vector fields in a general situation. This is not to say that there are not certain
situations where a preferred choice exists [155]. It was argued in this paper that the choice of
the twist vector fields (coordinate system corresponding to the coordinate basis in which we
have the canonical commutation relations) should be associated with Fermi normal coordinates,
defined by a freely falling observer. Unfortunately, any computation using those vector fields
is very complicated, and we therefore analyse a different situation where we can analytically
calculate some modifications of an asymptotically AdS spacetime. We will use the methodology
of [156], where the idea is that, in certain situations, the equations of motion for the NC scalar
(or Dirac) field can be written as a classical (commutative) equation in a modified, effective
metric. Historically, this is not the first paper to promote such ideas; see also [157], but our
goal is precisely to extend the results of [156] to the realm of asymptotically AdS spacetime.
For this, let us start from the five-dimensional Reissner–Nordström AdS black hole, whose line
element is given by

ds2 = −
(
1− M

r2
+
Q2

r4
+
r2

ℓ2

)
dt2 +

1(
1− M

r2
+ Q2

r4
+ r2

ℓ2

)dr2 + r2dΩ2
3 . (7.44)

This spacetime solves Einstein’s equation with a negative cosmological constant and a gauge
field of the form

A = −
√
3Q

2r2
dt . (7.45)

We consider a massless charged scalar field f in this geometry, with classical action of the form

S =

∫
dxD

√
−g gµνDµf

†Dνf , (7.46)

where Dµ = ∂µ − iqAµ. In order to define the NC action, we use the twist formalism already
introduced in the last section. There is one important difference. In the previous section, we
deformed the gravity action and obtained corrections to Einstein’s equations. We used the
first-order formulation of gravity not only because of our interest in gauge theories of gravity,
but also because, as hinted at in the introductory chapter, it is much easier to address NC
deformations in the first-order formalism. The reason for this is that second-order gravity
action contains the factor

√
−g, and by using the NC field ĝµν , it would be hard to define the

square root perturbatively. The same issue is present in (7.46). Luckily, there is a way around
this. So far, we assumed that the vector fields XI are mutually commuting, but no further
restriction has been made. However, as action (7.46) is defined on a fixed geometry, we can use
Killing vector fields (if any) for the twist vectors. This is because we have

gµν ⋆ (· · · ) = gµν · (· · · ) +
i

2
θIJXI [gµν ]LXJ (· · · ) , (7.47)

and if we choose coordinates such that the vector fields XI are a subset of coordinate vector
fields (in which case the metric components do not depend on the respective coordinate), the
metric field has a trivial product with any other field. Therefore, we can define NC action as∫

d4x
√

|g| ⋆ Dµf̂
∗ ⋆ Dν f̂ , (7.48)

where we introduced NC scalar field f̂ , removed all the star products between the metric field
and other fields, and Dµf̂ = ∂µf̂ − iqÂµ ⋆ f̂ . Next, we make the choice of the twist vector fields.
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We choose only two vector fields, X1 = ∂t and X2 = ∂φ, where φ is the angular coordinate from
dΩ2

3 = dψ2 + sin2 ψ(dθ2 + sin2 θdφ2). A concrete form of the twist element we take is

F = e−i
k̄
2
(∂t⊗∂φ−∂φ⊗∂t) , (7.49)

where we defined a dimensionful constant k̄ measuring the noncommutativity. Note that, as
we are using coordinate vector fields to define the twist, XI = δµI ∂µ, we can write a simpler
(compared to (7.16)) form of the SW map in the coordinate basis. The NC gauge field is
expanded as

Âµ = Aµ −
1

2
θρσAρ (∂σAµ + Fσµ) +O(θ2) , (7.50)

compare with (7.16). In addition, we need the SW map for the charged scalar field, which is
given by

f̂ = f − 1

4
θµνAµ (∂νf +Dνf) +O(θ2) . (7.51)

The action for the NC scalar field is expanded to the first order in k̄ as∫
d4x
√

|g|
[
gµνDµf

∗Dνf +
1

2
θαβgµν

(
− 1

2
(Dµf)

∗FαβDνf

+ (Dµf)
∗FανDβf + (Dβf)

∗FαµDνf
)]
. (7.52)

7.3.1 Effective metric

Let us now discuss the consequences of the action (7.52). The equation for the NC scalar field,
following from the action (7.52), takes the form of[

− 1

f(r)
∂2t −

1

r2
i
√
3Qq

f(r)
∂t +

(3
r
+

5r

ℓ2
− M

r3
− Q2

r5
)
∂r +

1

r2
∆S3 + f(r)∂2r +

3Q2q2

4r4f(r)

]
f

+
4
√
3k̄qQ

r4

[(M
r2

− 2Q2

r4
+
r2

ℓ2
)
∂φ + rf(r)∂r∂φ

]
f = 0 . (7.53)

The first line in (7.53) corresponds to the classical KG equation in curved spacetime and external
electric field, while the second line gives the first-order NC corrections. Interestingly, it turns
out that, as long as we are interested in the first-order in k̄ corrections, the same equation can
be obtained by using the classical equation (the first line of (7.53)), but with an effective metric

g̃µν =



M
r2

− Q2

r4
− r2

ℓ2
− 1 0 0 0 0

0 1

−M
r2

+Q2

r4
+ r2

ℓ2
+1

0 0 −
√
3k̄qQ sin2(ψ) sin2(θ)

4r

0 0 r2 0 0
0 0 0 r2 sin2(ψ) 0

0 −
√
3k̄Q sin2(ψ) sin2(θ)

4r
0 0 r2 sin2(θ) sin2(ψ)

 . (7.54)

The modification is present in the off-diagonal components. Unfortunately, we can give no
natural interpretation of these off-diagonal components. However, note that in a related work of
ours [137], we showed that in the case of Melvin’s electric universe, with λ-Minkowski twist, the
interpretation of the off-diagonal components appearing in the effective metric is the transition
from the static frame to a nonintertial rotating reference frame. In addition, we will show in the
next section that in the case of a magnetically charged AdS black hole, nontrivial conclusions
about the effective metric can be made.
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7.3.2 Planar magnetic RN black hole

In this subsection, we give an example including a four-dimensional AdS RN black hole with
magnetic charge Qm. The line element of this spacetime is given by [158]

ds2 = −
(
r2

ℓ2
− M

r
+
Q2
m

r2

)
dt2 +

1(
r2

ℓ2
− M

r
+ Q2

m

r2

)dr2 + r2
(
dx2 + dy2

)
. (7.55)

The gauge field, in the Landau gauge, is

A = Qmxdy ⇒ F = Qmdx ∧ dy. (7.56)

Holographically, this creates a constant magnetic field in the dual theory.The commutative
equation for a massless scalar field f(t, r, x, y) is given by(

− r4

Q2
m −Mr + r4

ℓ2

∂2t +

(
Q2
m −Mr +

r4

ℓ2

)
∂2r − 2iQmqx∂y −

(
M − 4

r3

ℓ2

)
∂r+

∂2x + ∂2y −Q2
mq

2x2
)
f(t, r, x, y) = 0 . (7.57)

By introducing NC effects as before, now taking X1 = ∂x and X2 = ∂y, the equation of motion,
in the first order in k̄, takes the following form(

− r4

Q2
m −Mr + λ2r4

∂2t +
(
Q2
m −Mr + λ2r4

)
∂2r − 2iQmqx∂y −

(
M − 4λ2r3

)
∂r + ∂2x + ∂2y

−Q2
mq

2x2 + 2Qmqk̄
(
− r4∂2t
Q2
m −Mr + λ2r4

+
(
Q2
m −Mr + λ2r4

)
∂2r +Qmqx (Qmqx+ 2i∂y)

−
(
M − 4λ2r3

)
∂r − ∂2x − ∂2y

))
f(t, r, x, y) = 0 , (7.58)

where, for brevity, we introduced λ = 1
ℓ
. This equation can be obtained from an effective metric

of the form

g̃µν =


−
(
Q2
m

r2
− M

r
+ r2

ℓ2

)
(1− 2k̄Qmq) 0 0 0

0 1−2k̄Qmq(
Q2
m
r2

−M
r
+ r2

ℓ2

) 0 0

0 0 r2(2k̄Qmq + 1) 0
0 0 0 r2(2k̄Qm1 + 1)

 .

(7.59)
Contrary to (7.54), the corrections here enter the diagonal metric components. Changing
x→ x̃ =

√
(2k̄Qmq + 1)x and y → ỹ =

√
(2k̄Qmq + 1)y creates a transition

F = Qmdx ∧ dy = Qm
1

(2k̄Qmq + 1)
dx̃ ∧ dỹ ≈ (Qm − 2k̄qQ2

m)dx̃ ∧ dỹ , (7.60)

which effectively changes the magnetic flux in the dual field theory. The horizon is still at the
same position as in the commutative case. In order to check the temperature in the dual field
theory, we denote f̃−2(r) = 1−2k̄Qmq(

Q2
m
r2

−M
r
+ r2

ℓ2

) , so that the metric takes the form of

ds2 = −f̃ 2(r)(1− 4k̄Qmq)dt
2 +

dr2

f̃ 2(r)
+ r2(dx̃2 + ỹ2) , (7.61)

107



CHAPTER 7. NONCOMMUTATIVE GRAVITY

Then, the same procedure as in Chapter 1 gives that the boundary temperature is the same
as in the commutative case T̃ = Tcom. Alternatively, we may shift the radial variable r →
r̃ = r(1 + k̄Qmq). In the end, the NC effects are present, so this modification has physical
implications. Another, more systematic way to analyse this theory is to consider equation (7.58)
and note that the x− y part of this equation can be written as the famous Landau problem of
a particle in a constant magnetic field. This type of consideration can play a role in exploring
the effect of the magnetic field on a condensate in a holographic superfluid/superconductor.
This was recently explored in [159].

7.4 Frame formalism

We saw in previous chapters that the first-order gravity theories can be studied using holography
techniques. In this chapter, we have presented results indicating that the first-order formulation
of gravity is very useful in defining the NC theory of gravity. It is therefore natural to try to
define the boundary dual to the NC gravity theory obtained using the SW map. However, it
is much harder to perform the holographic analysis of those gravity theories than one might
suspect. First, there is an issue of twist vector fields, and we should impose that they are
tangent to the boundary, which is hard to justify a priori. Furthermore, when performing the
standard SW expansion, one usually ignores all the boundary terms, which could be relevant
for the holographic analysis. We therefore restrict ourselves to a simpler situation to study
QFT in AdS spacetime and compute boundary observables. In the last section, we saw how
the twist approach can be used to gain some intuition about the boundary dual; yet, no crucial
difference between the commutative and noncommutative theory was found. Furthermore, we
did not use the first-order formulation for that discussion. In this section, we shall rely on
the frame formalism, a particular approach to NC spacetimes [160]. This formalism relies on
the first-order formulation, where the role of the commutative frame fields is taken by the
momenta p̂a. The quantization principle is to start from the classical relation (2.5) containing
differentiation and take

eµa(x) = eax
µ 7→ eµa(x̂) = [p̂a, x̂

µ] . (7.62)
We will take the momenta to form a Lie algebra that precisely corresponds to the isometry
algebra of the classical spacetime. It turns out that this way, we will indeed be working with a
spacetime with a constant scalar curvature, as AdS spacetime is [160].

7.4.1 Fuzzy AdS2 and AdS3

Let us start by describing the Fuzzy AdS2. This NC spacetime is introduced analogously to
the dS2 from [161]. We are interested in using so(2, 1) ≡ sl(2,R) algebra to reproduce frame
relations from (2.6). Using commutation relations (2.27), we see that the choice

ẑ = ik̄E+ , p̂z = H , (7.63)

t̂ = −ik̄H , p̂t = E+ , (7.64)

results precisely in
[p̂z, ẑ] = ẑ , [p̂t, t̂] = ẑ . (7.65)

We introduced a dimensionful parameter k̄ (we use the same symbol as in the last section) to
measure the noncommutativity of coordinates, as it is easy to check that from (7.63) follows

[ẑ, t̂] = ik̄ẑ . (7.66)
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In the case of the fuzzy AdS3, the symmetry algebra is so(2, 2) ≡ sl(2,R) ⊕ sl(2,R), and
therefore we have two copies of the sl(2,R) alegbra. If we denote one set of generators as
before, and generators from the other sl(2,R) algebra with a hat, we can follow the reasoning
from [83] to define the fuzzy AdS3 as

ẑ = −2ik̄

√
E+Ē+ , p̂z = H + H̄ , (7.67)

x̂ = ik̄

√Ē+

E+

(
H − 1

4

)
+

√
E+

Ē+

(
H̄ − 1

4

) , p̂x = E+ + Ē+ , (7.68)

t̂ = ik̄

√Ē+

E+

(
H − 1

4

)
−

√
E+

Ē+

(
H̄ − 1

4

) , p̂t = E+ − Ē+ . (7.69)

We will be working in a concrete unitary irreducible representation of the sl(2,R) algebra, such
that the operator E+ is positive, and the square root is well-defined. Here, unlike in D = 2 case,
coordinates are not expressed as elements from the algebra, but rather as more complicated
functions of generators. One can check that the commutator between two coordinates is not
expressable as a function of coordinates solely. However, the parameter k̄ still controls the
noncommutativity of the coordinates, as contraction k̄ → 0 leads to trivial comutation relations.
On the other hand, momenta close in algebra, as expected,

[p̂z, p̂x] = p̂x , [p̂z, p̂t] = p̂t , [p̂x, p̂t] = 0 . (7.70)

7.4.2 Scalar field on fuzzy AdS

In this subsection, we consider a classical scalar field on fuzzy AdS spacetime. By this, we
assume the solutions of the fuzzy KG equations, defined using the fuzzy Laplacian. For fuzzy
AdS2, the fuzzy Laplacian takes the form

∆ϕ = [p̂z, [p̂z, ϕ]]− [p̂z, ϕ]− [p̂t, [p̂t, ϕ]] , (7.71)

while in three dimensions we have

∆ϕ = [p̂z, [p̂z, ϕ]]− 2[p̂z, ϕ]− [p̂t, [p̂t, ϕ]] + [p̂x, [p̂x, ϕ]] . (7.72)

NC KG equation then takes the form

∆ϕ =M2ϕ . (7.73)

Some solutions of these equations can be found by exploring the commutation relations between
coordinates and momenta, and making the ansatz about the ordering of coordinate operators
in the field ϕ, see [161, 162]. However, equation (7.73) is not a differential equation, so we
cannot rely on the mathematical theorems about the completeness of the solutions, and no
one guarantees that we can find all the solutions in this way. More fundamentally, we have
not defined the vector space on which operators p̂a and x̂µ act. We do this by working in
a concrete representation of the sl(2,R) algebra. Recall that we made the classifications of
unitary irreducible representations of this algebra in chapter 5. We take that the operators act
on a discrete series representation T−

l , with l being a negative half-integer. One way to realize
this representation is by acting on functions of a single real variable ξ > 0, see Appendix A.2
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for details. We can then write down a concrete differential operators that correspond to the
fuzzy AdS2 coordinates and momenta as

ẑ = k̄ξ , p̂z = ξ∂ξ + l + 1 , (7.74)

t̂ = −ik̄ (ξ∂ξ + l + 1) , p̂t = −iξ . (7.75)

Therefore, our construction of fuzzy AdS2 spacetime depends on two numbers: k̄ and l. Simi-
larly, we take the generators in the three-dimensional case to act on a vector space Hl ⊕ H̄l of
T−
l ⊕ T̄−

l representation. Operators and momenta act on functions f(ξ, ξ̄) of two variables, and
the exact form of operators can be found using the relations

H = ξ∂ξ + l + 1 , E+ = −iξ , H̄ = ξ̄∂ξ̄ + l + 1 , Ē+ = −iξ̄ . (7.76)

Let us focus on a two-dimensional example. The algebra of functions is given by

A = End(Hl) ∼= T−
l ⊗ (T−

l )
∗ ∼= T−

l ⊗ (T−
l )

B , (7.77)

see Appendix A.2 for the last equation. We shall label the variable ξ from the first factor in
(7.77) as ξL, and the other one as ξR. Therefore, the algebra A can be thought of as made of
two-variable functions, on which the momenta act as

adp̂z = ξL∂ξL + ξR∂ξR + 2l + 2 , adp̂t = −i (ξL − ξR) . (7.78)

We make the following change of variables

ξL = ρ sinφ , ξR = ρ cosφ , ρ ∈ (0,∞) , φ ∈
(
0,
π

2

)
, (7.79)

where the range of φ coorinate will be important later. Let us denote

⟨ξL|ϕ|ξR⟩ = ⟨ρ sinφ|ϕ|ρ cosφ⟩ ≡ ϕ(ρ, φ) . (7.80)

By taking ϕ(ρ, φ) = ρ−2l−2g(ρ, φ), NC KG equation (7.73) can then be written as

ρ2
∂2g(ρ, φ)

∂ρ2
+
(
2ρ2 cos2

(
φ+

π

4

)
−M2

)
g(ρ, φ) = 0 . (7.81)

As this equation does not contain any derivatives with respect to the φ variable, we can take
the modes of the form g(ρ, φ) = f(ρ)δ(φ− φ0). If we define

β =
√
2 cos

(
φ0 +

π

4

)
, β ∈ (−1, 1) , (7.82)

the equation (7.81) becomes

ρ2
(

d2

dρ2
+ β2

)
f =M2f . (7.83)

The solutions of this equation are given in terms of Bessel’s functions, and choosing the one
that is regular for ρ→ 0, we get

f(ρ) = cβ
√
ρ Jν (βρ) , (7.84)

where ν =
√

1
4
+m2. The three-dimensional case can be handled in the same manner, see

[149]. First, in representation, we work with functions ϕ(ξL, ξR, ξ̄L, ξ̄R), and the momenta are
given by

adp̂z = ξL∂ξL + ξR∂ξR + ξ̄L∂ξ̄L + ξ̄R∂ξ̄R + 4l + 4 , (7.85)

adp̂t = −i
(
ξL − ξR − ξ̄L + ξ̄R

)
, adp̂x = −i

(
ξL − ξR + ξ̄L − ξ̄R

)
. (7.86)
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We make the change of variables as

ξL = χL e
ζL , ξ̄L = χL e

−ζL , ξR = χR e
ζR , ξ̄R = χR e

−ζR , (7.87)

with χL, χR ∈ (0,∞) and ζL, ζR ∈ (−∞,∞). Furthermore, we introduce variables

ρ =
√
χ2
L + χ2

R , tanφ =
χR
χL

, ζ± =
1

2
(ζL ± ζR) , (7.88)

such that ρ ∈ (0,∞), φ ∈ (0, π
2
) , ζ± ∈ (−∞,∞). Similar to the two-dimensional case, we take

ϕ = ρ−
8l+7
2 g(ρ, φ, ζ+, ζ−), such that the KG equation is(

ρ2∂2ρ − 4ρ2
(
1− cosh 2ζ− sin 2φ

)
− 3

4

)
g =M2g . (7.89)

Again, this equation does not contain derivatives of variables other than ρ, so we take modes

g(ρ, φ, ζ+, ζ−) = f(ρ) δ(φ− φ0) δ(ζ+ − ζ+0) δ(ζ− − ζ−0) . (7.90)

Solving the equation for f(ρ), we obtain the mode that does not diverge for ρ→ 0 as

ϕγ = cγ ρ
−4l−3 Jν(2γρ) δ(φ− φ0) δ(ζ+ − ζ+0) δ(ζ− − ζ−0) . (7.91)

We defined ν =
√
1 +m2 and

γ2 = cosh 2ζ−0 sin 2φ0 − 1 . (7.92)

We assume that γ2 > 0, which restricts the range of parameters in the following sections.
Note that there is a considerable difference between the two-dimensional case and the three-
dimensional case. In the former one, NC modes depend on only one quantum number, labeled
β. However, in the three-dimensional case, NC modes depend on three quantum numbers,
while the commutative modes depend only on two, see section 3.1.

7.4.3 Semi-classical states: concept of boundary

We saw in chapter 3 that the boundary limit of the AdS spacetime in Poincaré coordinates (1.32)
is z → 0. How should we introduce this boundary limit on the fuzzy AdS spacetime, where all
the coordinates are given by operators acting on a Hilbert space of the T−

l representation? We
introduce a set of semiclassical states, labeled by the classical points of AdS spacetime. We
will compute all the observables as expectation values in those semiclassical states. Using the
definitions from Appendix A.2, we define semiclassical states in the case of the fuzzy AdS2 as

|λ, c⟩ ≡ λ−p̂z e−cp̂t |Ψ0⟩ . (7.93)

In this formula, , |Ψ0⟩ is the lowest-weight vector from the T−
l representation, defined as

Ẽ−|Ψ0⟩ = 0, H̃|Ψ0⟩ = −l|Ψ0⟩. Explicitly, it is given as

Ψ0(ξ) =
ξ−2l−1e−ξ

22l+1/2
√
πΓ(−2l)

≡ Nξ−2l−1e−ξ . (7.94)

It is straightforward to check that

⟨λ, c |ẑ|λ, c⟩ = λ⟨Ψ0|ẑ|Ψ0⟩ = −lk̄λ , (7.95)

⟨λ, c |t̂|λ, c⟩ = ⟨Ψ0|t̂+ cẑ|Ψ0⟩ = −lk̄c . (7.96)
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Semiclassical state |λ, c⟩ corresponds to the classical point obtained by translation

λez ecet · (z0, t0) = (λz0, t0 + cz0) = (−lk̄λ,−lk̄c) , (7.97)

where (z0, t0) = (−lk̄, 0). From (7.95), we see that the boundary limit can be defined by taking
λ→ 0. At this point, we note that the semiclassical states in two dimensions resolve the unity,

∞∫
−∞

dc

∞∫
0

dλ

λ
|λ, c⟩⟨λ, c| ≡ P = − 4π

2l + 1
I . (7.98)

Also, for concrete computations that follow, we shall use relation

⟨ξ|λ, c⟩ = N λl ξ−2l−1 e−
1−ic
λ

ξ , N =
(
2π 24l Γ(−2l)

)−1/2
. (7.99)

Most of this construction generalizes to three dimensions. Semiclassical states are similarly
defined as

|λ, b, c⟩ = λ−p̂ze−bp̂xe−cp̂t|Ψ0 ⊗ Ψ̄0⟩ . (7.100)

We have
⟨ξ, ξ̄|λ, b, c⟩ = N2λ2l

(
ξξ̄
)−2l−1

e
i
λ (ξ(b+c+i)+ξ̄(b−c+i)) , (7.101)

and the expectation values of the coordinates turn out to be given as

⟨λ, b, c |ẑ|λ, b, c⟩ =
Γ
(
1
2
− 2l

)2
Γ(−2l)2

k̄λ ∼ −2lk̄λ , (7.102)

⟨λ, b, c |t̂|λ, b, c⟩ =
Γ
(
1
2
− 2l

)2
Γ(−2l)2

k̄c ∼ −2lk̄c , (7.103)

⟨λ, b, c |x̂|λ, b, c⟩ =
Γ
(
1
2
− 2l

)2
Γ(−2l)2

k̄b ∼ −2lk̄b . (7.104)

The approximations made in previous formulas hold for large l, and we shall see in the next
section that this limit, together with k̄ → 0 limit, represents the classical limit of the NC bulk.
Lastly, note that in three dimensions, it is necessary to introduce another generator H − H̄ in
(7.100) to get the resolution of the identity similar to the two-dimensional case.

7.4.4 Asymptotic behavior and classical limit

We are in a position to compute the expectation value of the NC modes in semiclassical states.
On fuzzy AdS2, we have

⟨ϕβ⟩ =
(
22l+1π

)2 ∞∫
0

∞∫
0

(ξLξR)
2l+1dξL dξR ϕβ(ξL, ξR)⟨ξL|λ, c⟩⟨ξR|λ, c⟩∗ . (7.105)

Using the explicit formula (7.99) and integrating over the delta function, we have

⟨ϕβ⟩ =
2π λ2lcβ
Γ(−2l)

∞∫
0

dρ ρ−2l− 1
2 Jν(βρ) e

− ρ
λ
(sinφ0+cosφ0)+

icρ
λ

(sinφ0−cosφ0) . (7.106)
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Interestingly, this integral can be evaluated using [91]
∞∫
0

dx xµ−1e−αxJν(βx) =

(
β
2α

)ν
Γ(ν + µ)

αµΓ(ν + 1)
2F1

(
ν + µ

2
,
ν + µ+ 1

2
; ν + 1;−β

2

α2

)
, (7.107)

assuming
Re(α + iβ) > 0 , Re(α− iβ) > 0 , Re(µ+ ν) > 0 . (7.108)

A concrete computation gives

⟨ϕβ⟩ =
2π λ2l cβ
Γ(−2l)

(
β
2

)ν
Γ(ν − 2l + 1

2
)

αν−2l+1/2 Γ(ν + 1)
2F1

(
ν − 2l + 1

2

2
,
ν − 2l + 3

2

2
; ν + 1;−β

2

α2

)
, (7.109)

where we introduced

µ = −2l +
1

2
, α =

√
2− β2 + icβ

λ
. (7.110)

There are two important properties of this expression that we now discuss. First, let us take
the boundary limit λ→ 0. Using the property of hypergeometric function that 2F1(. . . ; 0) = 1,
we can obtain that in this limit, mode (7.109) behave as ∼ ⟨z⟩ 1

2
+ν = ⟨z⟩∆, where we recognized

the definition from (3.22). Importantly, this coincides with the behaviour of the commutative
modes, and enables us to later use the extrapolate dictionary (3.23) to obtain the boundary
two-point function. Moreover, if we had chosen the other solution to (7.83), proportional to
Yν(βρ), and therefore diverges for small ρ, we would have obtained the small λ behavior in the
form of ∼ ⟨z⟩1−∆. This is precisely the near-boundary behavior of the nonnormalizable solution
of the commutative equation (3.5).

An interesting property of the obtained modes is that in the limit |l| → ∞, they obtain the
form of the commutative modes (3.10). Note the following limit [163]

Jν(z̃) = lim
a,b→∞

(
z̃
2

)ν
Γ(ν + 1)

2F1

(
a, b; ν + 1;− z̃2

4ab

)
. (7.111)

In order to make the connection with (7.109), we take

a = −l +
ν + 1

2

2
, b = −l +

ν + 3
2

2
, (7.112)

resulting in

z̃2 = 4

(
−l +

ν + 1
2

2

)(
−l +

ν + 3
2

2

)
β2(√

2− β2 + icβ
)2 ⟨ẑ⟩2

l2k̄2
. (7.113)

This implies that in |l| → ∞ limit, both a and b are infinite, but the z̃ is finite

z̃ ∼ 2β⟨ẑ⟩

k̄
(√

2− β2 − i ⟨t̂⟩
lk̄
β
) ∼ 2β⟨ẑ⟩

k̄
√

2− β2
. (7.114)

Combining previous formulas, we have

⟨ϕβ⟩ ∼ 2πcβ

√
2⟨ẑ⟩
k̄

(√
2− β2 − i

β⟨t̂⟩
lk̄

)2l−1/2

Jν

(
2β⟨ẑ⟩

k̄
√

2− β2

)

∼ 2πcβ
(
2− β2

)l− 1
4 e

−i 2β⟨t̂⟩
k̄
√

2−β2

√
2⟨ẑ⟩
k̄

Jν

(
2β⟨ẑ⟩

k̄
√

2− β2

)
, (7.115)
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with the last equation following from the well-known expression ex = lim
n→∞

(
1 + x

n

)n. If we
introduce

ω =
2β

k̄
√
2− β2

, ω ∈
(
−2

k̄
,
2

k̄

)
, (7.116)

the |l| → ∞ limit of NC modes (7.115) can be rewritten as

⟨ϕβ⟩ ∼
4πcβ√
k̄

(
8

4 + k̄2ω2

)l− 1
4 1√

2
e−iω⟨t̂⟩

√
⟨ẑ⟩ Jν (ω⟨ẑ⟩) . (7.117)

If we choose the normalisation constant cβ as

cβ =

√
k̄

4π

(
8

4 + k̄2ω2

)−l+ 1
4

, (7.118)

the obtained result matches exactly with (3.10). Furthermore, we see that the noncommuta-
tivity introduces a natural cut-off on the frequencies ωcut−off = 2

k̄
. In order to restore a fully

classical limit, we should send this cut-off to infinity, implying k̄ → 0. Therefore, we conclude
that the classical limit is given by

lim
k̄→0

lim
l→−∞

or |l| ≫ 1

k̄
≫ 1 . (7.119)

A similar conclusion holds in three dimensions. The expectation value of NC modes is given
by

⟨ϕγ⟩ = (22l+1π)4
∞∫
0

∞∫
0

∞∫
0

∞∫
0

(ξLξ̄LξRξ̄R)
2l+1 dξL dξ̄L dξR dξ̄R

× ϕγ(ξL, ξ̄L, ξR, ξ̄R)⟨ξL, ξ̄L|λ, b, c⟩⟨ξR, ξ̄R|λ, b, c⟩∗

= 2N4
(
22l+1π

)4
cγ

∫∫∫∫
dρ dφ dζ+ dζ− λ4lρ−4l sin(2φ) e−

2ρ
λ
fλ+

2iρ
λ

(bfb+cfc)

× Jν(2γρ)δ(φ− φ0) δ(ζ+ − ζ+0) δ(ζ− − ζ−0) . (7.120)

In the last formula, we introduced labels

fλ = cosφ cosh ζL + sinφ cosh ζR , (7.121)
fb = cosφ cosh ζL − sinφ cosh ζR , (7.122)
fc = cosφ sinh ζL − sinφ sinh ζR . (7.123)

After performing the integrals of delta functions, we are left with

⟨ϕγ⟩ = 2N4
(
22l+1π

)4
cγλ

4l sin(2φ0)

∫
dρ ρ−4l e−

2ρ
λ
fλ0+

2iρ
λ

(bfb0+cfc0)Jν(2γρ) . (7.124)

At this stage, we can again use the integral (7.107), with

µ = 1− 4l , β = 2γ , α =
2fλ0 − 2i(bfb0 + cfc0)

λ
, (7.125)

to get

⟨ϕγ⟩ = 28l+5π4N4cγλ
4l sin 2φ0

Γ(ν + 1− 4l)

Γ(ν + 1)

γν

αν+1−4l
(7.126)

× 2F1

(
ν + 1− 4l

2
,
ν + 2− 4l

2
; ν + 1;−4γ2

α2

)
.
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Again, we have the same near-boundary behaviour as in the commutative case: modes (7.126)
behave as ∼ ⟨ẑ⟩ for λ→ 0. Furthermore, we can again show that the limit (7.119) corresponds
to the classical limit. First, note that we can rewrite α as

α =
−4lk̄fλ0

⟨ẑ⟩

(
1 +

i

2lk̄

(
fb0
fλ0

⟨x̂⟩+ fc0
fλ0

⟨t̂⟩
))

≡ −4lk̄fλ0
⟨ẑ⟩

(
1− iω⟨t̂⟩

4l
+
ik⟨x̂⟩
4l

)
, (7.127)

where we introduced

ω = −2

k̄

fc0
fλ0

, k =
2

k̄

fb0
fλ0

. (7.128)

We can again use formula (7.111) with

a = −2l +
ν + 1

2
, b = −2l +

ν + 2

2
, z̃2 = 16ab

γ2

α2
. (7.129)

Finally, we note that we have

lim
l→−∞

z̃ =
2γ⟨ẑ⟩
k̄fλ0

=
√
ω2 − k2 ⟨ẑ⟩ , (7.130)

resulting in

⟨ϕγ⟩ =
24l+3π2

Γ(−2l)2
cγ sin 2φ0

Γ(ν + 1− 4l)

(−4l)ν+1

(
1− iω⟨t̂⟩

4l
+
ik⟨x̂⟩
4l

)4l−ν−1

(7.131)

×
(

1

fλ0

)1−4l

k̄−1⟨ẑ⟩Jν
(√

ω2 − k2 ⟨ẑ⟩
)
.

After recognizing the definition of the exponential function as before, we get the promised form
of classical AdS3 modes

⟨ϕγ⟩ = 2
7
2π2(−l)

1
2 k̄−1cγ (fλ0)

4l−1 sin 2φ0
1√
4π

e−iω⟨t̂⟩+ik⟨x̂⟩⟨ẑ⟩ Jν
(√

ω2 − k2 ⟨ẑ⟩
)
. (7.132)

Two important comments are in order. First, both ω and k are bounded, as before. Second,
once we computed the expectation values of NC modes in semiclassical states, the obtained
result depends only on two quantum numbers ω and k, up to a normalization factor. Later,
we will choose the constant cγ such that we make the simplest possible choice that gives the
commutative result in the classical limit.

7.4.5 QFT and boundary two-point function from extrapolate dictio-
nary

So far, we have had quantum spacetime and a classical scalar field on top of it. We should next
define the quantum field on the quantum spacetime. This is a nontrivial task, and we have to
make some assumptions that we are not able to derive from the first principles. First, we will
assume that there exists a Fock space, with a unique vacuum |0⟩, and creation/annihilation
operators aω,k,s. The NC field is expanded as

ϕ =

∫∫∫
dω dk ds

(
ϕω,k,saω,k,s + ϕ∗

ω,k,sa
†
ω,k,s

)
, (7.133)
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where s stands for any possible quantum number different from ω and k. Second, we will assume
that the creation and annihilation operators satisfy the same algebra as in the commutative
case

[aω,k,s, a
†
ω′,k′,s′ ] = δ(ω − ω′) δ(k − k′) δ(s− s′) , [a, a] = [a†, a†] = 0 . (7.134)

Standardly, this is derived from the canonical quantization of the scalar field, which induces
the equal-time commutation relations. Unfortunately, on NC spacetime, it is not possible to
define equal-time commutational relations, as time is itself an operator. Furthermore, in our
approach, we have only defined the scalar field ϕ̂ and not its momentum, and as we are lacking
the Lagrangian of our theory, it is hard to define this quantity. Next, we assume that the
annihilation operators annihilate the vacuum state

aω,k,s|0⟩ = 0 . (7.135)

In a nutshell, we assume that the standard quantization in terms of Fock space holds. It is
then easy to compute the two-point function as

G2 = ⟨Φ⊗ Φ⟩ =
∫∫

dΛdΛ′ ⟨0|(ϕΛaΛ + ϕ∗
Λa

†
Λ)⊗ (ϕΛ′aΛ′ + ϕ∗

Λ′a
†
Λ′)|0⟩ (7.136)

=

∫∫
dΛdΛ′ ⟨0|ϕΛaΛ ⊗ ϕ∗

Λ′a
†
Λ′ |0⟩ =

∫∫
dΛdΛ′ ϕΛ ⊗ ϕ∗

Λ′ ⟨0|[aΛ, a†Λ′ ]|0⟩ .

where we used a symbol Λ for all quantum numbers. Using (7.134), we get

⟨Φ⊗ Φ⟩ =
∫∫∫

dω dk ds ⟨ϕω,k,s ⊗ ϕ∗
ω,k,s⟩ . (7.137)

Field (7.133) is both an operator on a Fock space of quantum field theory and an operator on
a fuzzy spacetime. After calculating the expectation value in the Fock vacuum, the obtained
correlation function is End(H)-valued. We further wish to evaluate the expectation value of this
two-point function in the semiclassical states, obtaining expressions that are ordinary functions
in the form of

Gn(x1, . . . , xn) = ⟨x1, . . . , xn|⟨Φ⊗ · · · ⊗ Φ⟩|x1, . . . , xn⟩ . (7.138)

In this formula, |x1, . . . , xn⟩ stands for the semi-classical state corresponding to the classical
point (x1, . . . , xn), obtained as a tensor product of semi-classical states |xi⟩. We can finally
compare those functions to the commutative correlation functions and see how the NC effects
modify the standard CFT result for the two-point function. In our example, we should compute

G2(x1, x2) =

∫∫∫
dω dk ds ⟨x1|ϕω,k,s|x1⟩⟨x2|ϕω,k,s|x2⟩∗ . (7.139)

Let us perform a concrete computation in two dimensions. Using modes (7.109), we have

G2(λi, ci) =

∫
dω ⟨λ1, c1|ϕβ|λ1, c1⟩ ⟨λ2, c2|ϕ∗

β|λ2, c2⟩ . (7.140)

It is important to once again stress the range of quantum number ω, as it is different form
the standard commutative case: contrary to the standard interval ω ∈ (−∞,+∞), we have
ω ∈ (− 2

k̄
, 2
k̄
). This cut-off makes the integral manifestly finite. Furthermore, in the commutative

theory, we should integrate only over positive ω, corresponding to the positive-frequency modes;
we do the same on the fuzzy spacetime. At this point, we also stress that we decided to integrate
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over ω instead of over β, as we know that integration over ω, with the normalization chosen as
in the last section, provides us with the correct semi-classical limit. We are not aware of any
more systematic way to define the correlation functions. Plugging in the exact form of modes,
we obtain

G2(λi, ci) = (2π)2
Γ(ν − 2l + 1

2
)2

Γ(−2l)2Γ(ν + 1)2
(λ1λ2)

2l (7.141)

×
2k̄−1∫
0

dω c2β

(
β
2

)2ν
(α1α∗

2)
ν−2l+1/2

2∏
i=1

2F1

(
ν − 2l + 1

2

2
,
ν − 2l + 3

2

2
; ν + 1;− β2

α2
(i)

)
.

Let us denote α(1) = α1 and α(2) = α∗
2. Even though we cannot compute this integral, the

boundary limit obtained using (3.23) is much simpler. In the limit ⟨ẑi⟩ → 0, we have αi → ∞,
so that the last argument of the hypergeometric function tends to zero. In this limit, the
hypergeometric function itself tends to unity, so that we have

G̃∂∂(λi, ci) = 4π2 Γ(ν − 2l + 1
2
)2

Γ(−2l)2Γ(ν + 1)2
(λ1λ2)

2l

2k̄−1∫
0

dω c2β

(
β
2

)2ν
(α1α∗

2)
ν−2l+1/2

. (7.142)

This is not yet the correlation function of two operators at the boundary, as we have to strip
off the factors G∂∂ = ⟨ẑ1⟩−∆⟨ẑ2⟩−∆G̃∂∂, as indicated by (3.23). This results in

G̃∂∂ = 4π2 Γ(ν − 2l + 1
2
)2

Γ(−2l)2Γ(ν + 1)2

(
⟨ẑ1⟩
−lk̄

)ν+1/2(⟨ẑ2⟩
−lk̄

)ν+1/2

(7.143)

×
2k̄−1∫
0

dω c2β (2− β2)2l−1/2

(
1− iω⟨t̂1⟩

2l

)2l−ν−1/2(
1 +

iω⟨t̂2⟩
2l

)2l−ν−1/2(
k̄ω

4

)2ν

.

Finally, by taking the normalization (7.118), the expression (7.143) simplifies to

G∂∂ =
Γ(∆− 2l)2

42∆Γ(−2l)2Γ
(
∆+ 1

2

)2 ( 1

−l

)2∆
2k̄−1∫
0

dω

(
1− iω⟨t̂1⟩

2l

)2l−∆(
1 +

iω⟨t̂2⟩
2l

)2l−∆

ω2∆−1 .

(7.144)
Before computing this integral, let us pause for a moment and check what happens in the
commutative limit. Assuming that the limit procedure commutes with the integral, the limit
l → −∞ provides us with the expression of the form ω2∆−1e−iω⟨t̂12⟩ under the integral. In
addition, limit k̄ → 0 leads to the standard integration bounds ω ∈ (0,+∞). If ∆ < 1

2
, the

integral results precisely in the desired conformal two-point function

Gcomm
∂∂ ≡ 4−∆

Γ(∆ + 1
2
)2

∞∫
0

dω ω2∆−1e−iω⟨t̂12⟩ = C∆ ⟨it̂12⟩−2∆ . (7.145)

However, the integral formally diverges when ∆ ≥ 1
2

(which is a necessary condition for the
BF bound to be satisfied), and we define the two-point function in this range as an analytic
continuation of the ∆ < 1

2
result. We will take the same logic for the fuzzy two-point function.

Having said this, we now observe that the integral in (7.144) can be analytically expressed in
terms of the Appell F1 function as
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Figure 7.1: The fuzzy two-point function at the boundary (red) vs. the commutative (con-
formal) two-point function (blue). In this plot, numerical values of constants are: l = −30,
k̄ = 1/4, ∆ = 1/3, t1 = 1/2.

G∂∂ =
2−1−2∆Γ(∆− 2l)2

Γ(−2l)2Γ
(
∆+ 1

2

)2
∆

(
1

−l

)2∆

k̄−2∆ F1

(
2∆,∆− 2l,∆− 2l, 2∆ + 1;

i⟨t̂1⟩
lk̄

,
−i⟨t̂2⟩
lk̄

)
.

(7.146)
We plot this function in Figure 7.1. Note that, while we already discussed the commutative
limit before computing the integral, we can explicitly compute it here, using the results from
[164]. First, we have

lim
l→−∞

G∂∂ =
k̄−2∆

2Γ(∆ + 1
2
)2∆

1F1

(
2∆; 2∆ + 1;

−2i⟨t̂12⟩
k̄

)
, (7.147)

where ⟨t̂12⟩ = ⟨t̂1⟩ − ⟨t̂2⟩. This two-point function is shown in Figure 7.2. Furthermore, by
taking the k̄ → 0 limit, we end up with

lim
k̄→0

lim
l→−∞

G∂∂ =
k̄−2∆Γ(2∆ + 1)

2Γ(∆ + 1
2
)2∆

(
2i⟨t̂12⟩
k̄

)−2∆

= C∆ ⟨it̂12⟩−2∆ . (7.148)

Having established the commutative limit, we can claim that our result (7.146) gives a two-
parameter deformation of the conformal two-point function at the boundary. Interestingly, this
two-point function depends explicitly on both ⟨t̂1⟩ and ⟨t̂2⟩, and not on the difference ⟨t̂12⟩.
One way to interpret this is to realize this two-point function as a three-point function between
two primary operators in a CFT and one non-local defect operator. More precisely, we can
compute the following quantity

C∆ ⟨ϕ(−τ1)ϕ(τ2)D⟩ , (7.149)

where τj = i⟨t̂j⟩. Field ϕ(τ) is taken to be a primary operator with conformal dimension
∆ϕ =

∆
2
− l, while D is a non-local defect operator

D = λ−1
ϕϕψ

Γ(∆− 2l)2

Γ(−2l)2Γ(2∆)

∞∫
−lk̄

dτ τ−4l−1ψ(τ) . (7.150)
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1 2 3 4 5

0.5

1.0

1.5

Figure 7.2: The fuzzy two-point function at the boundary (red) vs. the commutative (con-
formal) two-point function (blue). In this plot, numerical values of constants are: l = −∞,
k̄ = 1/20, ∆ = 1/3

In this formula, ψ(τ) is a primary with conformal dimension ∆ψ = 2∆ϕ, and λϕϕψ is the
OPE coefficient, appearing in the CFT three-point functions. As explained in Chapter 3, the
boundary theory dual to the scalar field on AdS spacetime is the GFF, so we may conjecture
that the boundary dual to the scalar field on the fuzzy AdS is again the GFF, but with the
insertion of certain defects. Indeed, if we use the fact that

⟨ϕ(t1)ϕ(t2)ψ(t)⟩ =
λϕϕψ

|t1 − t2|2∆ϕ−∆ψ |t1 − t|∆ψ |t2 − t|∆ψ
, (7.151)

and evaluate the integral from (7.150), we obtain that the epression (7.149) mathes the G∂∂

from (7.146). Of course, at this stage, we are still far away from being able to claim that
something similar can be done for any correlation function in the boundary theory, not just the
two-point function, but we hope that eventually we should be able to prove this.

Finally, we perform the same computation in the case of the fuzzy AdS3 bulk, relying on
the (7.126) modes. First, we should discuss the normalisation constant cγ. To begin, we shall
remove the factor sin 2φ0 from the (7.126). Previously, we insisted that the normalisation
constant should be chosen as the simplest possible option that has the correct commutative
limit at the level of modes. However, modes themselves are not observables, and what should
have the correct semi-classical limit are precisely objects we should be able to measure. As
fuzzy AdS3 modes are determined by three quantum numbers, compared to the two quantum
numbers in the classical AdS3, it turns out that it is not equivalent to choose cγ such that the
modes have the right semi-classical limit or that the two-point function has the right semi-
classical limit. Luckily, the difference between those two normalizations is just a constant
independent of the quantum numbers. We choose normalization as

cγ = k̄
22∆−8l− 7

2 (−l)∆−4lΓ
(
1
2
− 2l

)8l
Γ(−2l)2−8l (fλ0)

1−4l

π3Γ(∆− 4l) sin 2φ0

. (7.152)

Of course, as before, any other choice of normalization that has the same limiting form in the
l → −∞ limit would suffice. We shall commit to this choice in the following. Note that the
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Figure 7.3: Two-point function at the boundary of the fuzzy AdS3, divided by the commutative
two-point function.

boundary limit of modes (7.126) is given by

⟨ϕγ⟩
⟨ẑ⟩∆

=
2

1
2
−∆

πΓ(∆)

(
ω2 − k2

) ν
2

(
1− iω⟨t̂⟩

4l
+
ik⟨x̂⟩
4l

)4l−1−ν

. (7.153)

The two-point function then takes the form of

G∂∂ =

∫∫∫
dω dk dφ0

21−2∆

π2Γ(∆)2
(
ω2 − k2

)∆−1
(
1 +

iω⟨t̂1⟩
4l

− ik⟨x̂1⟩
4l

)4l−∆(
1− iω⟨t̂2⟩

4l
+
ik⟨x̂2⟩
4l

)4l−∆

.

As for the region of integration, we again can show that |ω| < 2
k̄

and |k| < 2
k̄
. However,

γ2 > 0 implies ω2 − k2 ≥ 0. Finally, integration over positive energy modes is enforced by
ω > 0 condition, so that the integration region is given by the triangle, determined by the
points (0, 0),

(
2
k̄
,− 2

k̄

)
and

(
2
k̄
, 2
k̄

)
. Finally, the integration region is independent of the quantum

number φ0, so that it is trivial to perform the integration over this quantum number.
In order to perform the computation, we change the variables to the light-cone coordinates

k± = ω ± k , u± =
1

2

(
⟨t̂⟩ ± ⟨x̂⟩

)
, (7.154)

so that the boundary two-point function is given by

G∂∂ =
2−1−2∆

πΓ(∆)2

4k̄−1∫
0

dk+

(
1 +

ik+u
−
1

4l

)4l−∆(
1− ik+u

−
2

4l

)4l−∆

(7.155)

×
4k̄−1−k+∫

0

dk−(k+k−)
∆−1

(
1 +

ik−u
+
1

4l + ik+u
−
1

)4l−∆(
1− ik−u

+
2

4l − ik+u
−
2

)4l−∆

.
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Figure 7.4: Two-point function at the boundary of the fuzzy AdS3, divided by the commutative
two-point function: (u+1 , u

−
1 ) = (0, 0) vs. (u+1 , u

−
1 ) = (1, 1/2).

The integration over k− is analogous to the two-dimensional case, resulting in the Appell F1

function

G∂∂ =
2−1−2∆

πΓ(∆)2

4k̄−1∫
0

dk+ k
∆−1
+

(
1 +

ik+u
−
1

4l

)4l−∆(
1− ik+u

−
2

4l

)4l−∆

(7.156)

×
(
4k̄−1 − k+

)∆
F1

(
∆,∆− 4l,∆− 4l,∆+ 1;

−i
(
4k̄−1 − k+

)
u+1

4l + ik+u
−
1

,
i
(
4k̄−1 − k+

)
u+2

4l − ik+u
−
2

)
.

Unfortunately, we are not able to analytically compute the resulting integral. We can, however,
expand the integrand in series over k+ and then perform the integration. In the leading order,
we get

G
(0)
∂∂ =

2−1−2∆

πΓ(∆ + 1)2

(
4

k̄

)2∆

F1

(
∆,∆− 4l,∆− 4l,∆+ 1;

−iu−1
lk̄

,
iu−2
lk̄

)
(7.157)

× F1

(
∆,∆− 4l,∆− 4l,∆+ 1;

−iu+1
lk̄

,
iu+2
lk̄

)
,

with the higher corrections suppressed in the semi-classical limit by the powers of l−1 and k̄.
Therefore, relying on the results from the fuzzy AdS2 case, we have

lim
k̄→0

lim
l→−∞

G
(0)
∂∂ = lim

k̄→0

2−1−2∆

πΓ(∆ + 1)2

(
4

k̄

)2∆

1F1

(
∆,∆+ 1;

4iu−12
k̄

)
1F1

(
∆,∆+ 1;

4iu+12
k̄

)
=

2−2∆

2π

(
−iu−12

)−∆ (−iu+12)−∆
, (7.158)

which matches the conformal two-point function

Gcomm
∂∂ (t1, x1; t2, x2) =

1

2π

1

(−t212 + x212)
∆

=
1

2π

1

(−4u−12u
+
12)

∆
. (7.159)

Again, (7.156) provides a two-parameter deformation of the conformal two-point function, now
in two spacetime dimensions. Relying on the numerical integration, the ratio of (7.156) and
conformal two-point function is plotted in Figure 7.3, with the first point being the origin
u±1 = 0. Finally, in Figure 7.4 we plot this ratio simultaneously, with the first point at the
origin and the second point displaced from the origin. It is evident that in the latter case, the
two-point function is not symmetric in u±.
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Conclusion

In this thesis, we considered two types of deformed AdS spaces: either deformed by the presence
of torsion or deformed by the presence of noncommutativity. Our goal was to perform the
holographic analysis of those bulk theories in the spirit of bottom-up AdS/CFT and gain a
better understanding of their boundary duals. The majority of work has been done using the
gauge-theoretic formulation of certain (Chern-Simons) gravitational theories, and along the way,
we gained a better understanding of the first-order formulation of gravity on AdS spacetime.
Let us summarize our main findings. First, we analyzed a boundary dual of even-dimensional
gravity theory in the first-order formalism and (potentially) propagating torsion: the CTG
model. Apart from concrete expressions for the one-point functions of boundary operators
(4.52), we were able to obtain a better understanding of boundary terms required to obtain the
desired result. As a consistency check, we showed that our findings can be applied in 2D, where
CTG coincides with the BF formulation of JT gravity, and derived correct expressions for the
energy and the entropy of 1 + 1 D BTZ black hole (4.107). We further investigated the nature
of boundary terms in the BF formulation of JT gravity, deriving the profile of the E.o.W. brane
directly in the first-order formulation of the theory. Luckily, the profile of the brane is given by
a geodesic, as is the case in the standard second-order formulation of JT gravity.

We tried to give a comprehensive discussion on the different approaches to the boundary
terms in the Lagrangian formulation of first-order gravity theories with torsion. Unlike in the
Hamiltonian formalism, where the first-order formulation was often used in combination with
boundary terms, such as to reproduce differentiable generators and finite charges, a systematic
treatment of boundary terms in the Lagrangian formulation has not been presented prior to the
beginning of this PhD work. One promising candidate for the final word on the boundary terms
emerged in late 2022 [31], and we used their reasoning for some of our results. Despite this
paper, as there is no well-established consensus on boundary terms, we focused on examples
where different approaches yield the same answer, and obtained the E.o.W. brane profile in
3D gravity with translational Chern-Simons term. This theory is a particular case of the MB
model, with the bulk spacetime necessarily possessing non-zero torsion. By this, we extended
the standard AdS/BCFT analysis to the realm of Riemann-Cartan geometry. We discussed
why the derived result for the brane profile is expected, confirming our analysis. Further, we
discussed the boundary entanglement entropy in this model, where we again obtained consistent
results. Having some basic understanding of the boundary dual of this simplified model with
torison, we were able to attack a more serious example of five-dimensional CS gravity. As
we are often interested in spherically symmetric solutions to the equations of motion, we first
performed a dimensional reduction over S3 to obtain an effective two-dimensional model. A
novelty of our approach is that we did not assume vanishing torsion, and even the S3 part is
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endowed with nontrivial (axial) torsion, parametrized by the field Φ in (5.30). This field, in
turn, has an interpretation of being, when the torsion of the two-dimensional manifold vanishes
(which is true for the black hole (2.73)), a coupling between the Riemannian sector of the
dimensionally reduced five-dimensional CS gravity with the JT gravity. Using this fact, we
extracted the entropy of the black hole with torsion and found that torsion plays a nontrivial
role in it. Further discussion was made on the derivation of the entropy, comparing different
approaches (some of which are justifiable only in the CS supergravity), all yielding the same
answer. We were then able to make a conjecture on the holographic entanglement entropy in
a (nonunitary) boundary dual to the five-dimensional CS gravity.

Having in mind our goal to understand the role of torsion in the context of holography, we
then engaged ourselves in studying AdS/CMT (Anti de-Sitter/condensed matter theory). We
analysed a U(1) bulk gauge field in the probe limit, which introduces a conserved current in
the boundary theory, and thus U(1) global symmetry. By introducing a nonminimal coupling
between torsion and the gauge field in the bulk (motivated by considerations in the literature
on cosmology and similar fields), we were able to compute the conductivity in the boundary
theory, related to this conserved current. We established that the torsion (2.81) introduces
a finite Drude peak in the optical conductivity in the probe limit. In order to compute the
AC optical conductivity, we employed a numerical shooting method. To establish the validity
of the obtained results, we compared our numerical analysis with the DC conductivity, which
we computed using analytical methods, and with the Riemannian conductivity, which we were
also able to analytically compute. We provided examples of real materials that exhibit similar
behavior of AC conductivity.

Finally, we tackled the issue of noncommutative gravity. Starting from the noncommutative
extension of gauge-theoretic CS gravity in five dimensions, we performed a dimensional reduc-
tion to obtain four-dimensional gravity with a negative cosmological constant and discussed
how NC effects can modify the affine structure of spacetime by introducing torsion. Further-
more, we showed that this specific spacetime has a nonzero Pontryagin density, responsible for
the chiral gravitational anomaly. In order to obtain a NC extension of CS action, we employed
the Seiberg-Witten map. Next, we analysed a theory of a scalar and U(1) gauge field on the
AdS RN black-hole background and again used the SW mapping to extract the equations gov-
erning the dynamics of the scalar field. We showed that the obtained equation can be written
as a commutative equation for a scalar field in a modified, effective metric. We then went
further with our analysis of NC AdS physics and used a complementary approach, the frame
formalism. We considered the fuzzy AdS spaces in two and three dimensions and analysed a
scalar field on this NC spacetime. Our goal was to obtain the boundary two-point correlation
function using the boundary limit (the extrapolate dictionary of AdS/CFT). In order to do
so, we had to introduce the concept of a boundary on a quantum spacetime, which was done
through the notion of semiclassical states. Construction of fuzzy AdS2 and AdS3 spaces, and of
the semiclassical states, depends on two quantum numbers, one labeling the representation of
sl(2,R) algebra, and the other one measuring the noncommutativity between the coordinates.
We showed that the particular limit of those two numbers represents a classical limit, in which
the expectation values of field modes in semiclassical states reduce to the commutative ones.
By assuming standard rules of quantization in terms of a Fock space, we defined a quantum
scalar field on quantum spacetime and computed its two-point function. The boundary two-
point functions obtained are analytical in the case of two-dimensional bulk and are expressed as
finite integrals in three dimensions, and constitute a two-parameter deformation of the standard
CFT two-point functions. Having stated all of these results, we believe that the initial goal of
the PhD thesis has been successfully realized.
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Even though the results presented here have improved our understanding of holography on
deformed spacetimes of the type we described, they also opened many new research directions.
First, it is very important that, in the future, we manage to analyse other gravity theories
where torsion need not be zero, but which are more nontrivial than CS gravity and CTG.
This is also related to the fact that we still lack a systematic treatment of the boundary spin
current and its role in applied holography. It would also be beneficial to analyse torsion from a
top-down perspective, using string theory. It is a well-known fact that there is a close relation
between torsion and the two-form field B in the supergravity action [35]. Therefore, it would
be interesting to analyse the NS5-F1 brane system [165] and its near-brane limit to investigate
the holographic effects of torsion from the top-down perspective. Furthermore, as mentioned
in chapter 3, there is a close relation between AdS/BCFT, entanglement entropy, and the
information loss paradox. As the thesis discusses AdS/BCFT and entanglement entropy on
Riemann-Cartan manifolds, a natural extension that we plan to do in the future is to explore
this interesting topic and the influence of torsion on the behaviour of the Page curve. Finally,
we should be able to either prove or disprove the proposal for the computation of the boundary
entanglement entropy made in chapter 5.3.

Yet another research direction originating from this work is the analysis of quantum AdS
spacetimes as the bulk in some version of AdS/CFT. We have been focused on a NC spacetimes
as the bulk, and precisely for this reason, we initiated the study of Riemann-Cartan spacetime
(as we saw, there is a close relation between Riemann-Cartan formalism and NC gravity models
presented in the thesis). However, NC geometry is by no means the only candidate for the
description of quantum spacetimes. Apart from the obvious example of loop quantum gravity
[166], where one can define a concrete notion of a quantum spacetime, recently, there has been
a breakthrough in the relativistic quantum information community (RQI) on the bottom-up
definition of quantum spacetime [84]. The RQI community is particularly interested in the
notion of quantum reference frames [167], a generalization of reference-frame transformations
to accommodate the phenomenology of quantum superpositions. Motivated by this technique,
[84] suggested how to construct a superposed state of two BTZ black holes with different masses
and how to analyse the response of the Unruh-de-Witt detector interacting with a scalar field
in this quantum background. As we spent quite some time discussing the BTZ black hole, it
would be interesting to try to merge our holographic considerations with the considerations
from [84]. Actually, even a simpler example is provided by the thermal AdS space. While both
thermal AdS and BH spacetime introduce a finite temperature at the boundary (for D > 3 they
thermodynamically compete for stability, though this is not relevant for our proposal), thermal
AdS is much simpler to study as it is (Euclidean) AdS with a periodic Euclidean time. We can
study a quantum scalar field on top of the thermal AdS spacetime and obtain the boundary
limit of two-point functions. If we use a classical AdS spacetime, the resulting boundary
theory is precisely the GFF in the thermal state, and the two-point function is computed using
the method of images [95]. We initiated this consideration in a project with Robert Mann.
A natural question is then whether we can use our understanding of Fuzzy AdS spacetime to
define the fuzzy thermal AdS and compute the deformed boundary thermal two-point function.
We hope that we will be able to tackle this serious question and make a contribution to the
fascinating topic of thermal CFTs.

To summarize, this thesis offers a good starting point for future holographic considerations
of deformed AdS spaces. A key message that should be inferred from the thesis is that the
boundary terms in the first-order formulation of gravity are important (and nontrivial for the
analysis), that there are cases where torsion does not change the Riemannian results from
the Riemannian ones, but also those cases, such as 5D CS gravity, where the contribution
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from torsion can be nontrivial, and finally, that we can indeed find examples of quantum AdS
spacetimes where the boundary theory can be analysed. The most important result of this
thesis, we believe, is a considerable amount of new research directions that can now be pursued
and that we wish to pursue in the future. Whether or not the full scientific potential of the
considerations made in this thesis will be reached depends on many factors, some of which are
out of our hands. We hope that, sometime soon, the global high-energy community will become
more interested in Riemann-Cartan holography and NC AdS bulk spacetimes, as we believe
that many important results are yet to be discovered.
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Appendix A

AdS algebra and representations

In this appendix, we wish to provide an overview of the representation theory for AdS algebras
used in the dissertation. Before we begin, we shall make a caveat about the notation used in
this work. Unfortunately, as emphasised in the bulk of the thesis, we change the number of
spacetime dimensions repeatedly, so we had to use slightly different conventions in different
sections. A reader is advised to carefully read the introduction to each section to check if a
new piece of notation was introduced. This is particularly important for Chapter 4. However,
there are some global features that are present in any calculation not forcing us to repeatedly
change the spacetime dimensionality, and we summarize them here. Greek indices µ, ν, . . .
are spacetime indices and take values 0, . . . , D − 1, where D stands for the number of bulk
spacetime dimensions. Greek indices α, β, . . . are reserved for boundary spacetime indices. For
example, in the Fefferman-Graham gauge, µ = (1, α). Latin indices a, b, c, . . . stand for local
Lorentz indices in the bulk, while Latin indices i, j, k, . . . are boundary local Lorentz indices.
Through the text, we work with the mostly + metric signature, meaning ηab = (−,+, . . . ,+).
Levi-Civita tensor is denoted as εabc..., with convection ε012... = 1. Levi-Civita symbol εµνρ...
follows the same conventions, while Levi-Civita tensor is denoted by ε̃µνρ.... In the Appendix
A.1, we take the convention of Chapter 4.

A.1 AdS algebra

The Anti-de Sitter group is SO(D− 2, 2). First, we take D = 6 (which is the dimension of the
flat ambient spacetime in which AdS is embedded). The metric for the ambient space is

GÂB̂ = (−++++−) , (A.1)

and we denote generators JÂB̂ (Â, B̂ = 0, 1, 2, 3, 4, 5); these are separated into JAB and JA5
(A,B = 0, 1, 2, 3, 4). Their algebra is

[JÂB̂, JĈD̂] = GÂD̂JB̂Ĉ +GB̂ĈJÂD̂ −GÂĈJB̂D̂ −GB̂D̂JÂĈ , (A.2)

or, in components

[JAB, JCD] = GADJBC +GBCJAD −GACJBD −GBDJAC , (A.3)
[JAB, JC5] = GBCJA5 −GACJB5 , (A.4)
[JA5, JC5] = JAC . (A.5)
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A representation of this algebra is provided by 5-dim gamma matrices ΓA satisfying Cliford
algebra {ΓA,ΓB} = 2GABI4×4 with GAB = (− + + + +). In terms of these gamma matrices,
we have

JAB =
1

2
ΓAB =

1

4
[ΓA,ΓB] , (A.6)

JA5 =
1

2
ΓA . (A.7)

Finally, we can define 5-dim gamma matrices in terms of ordinary 4-dim gamma matrices as
ΓA = (−iγa, γ5) with a = 0, 1, 2, 3, satisfying {γa, γb} = −2GabI4×4 with Gab = (− + ++).
In other words, for 4-dim gamma matrices we use the standard, QFT conventions; {γa, γb} =
2ηabI4×4 with ηab = (+ − −−). Also, Γ4 = γ5 = −iγ0γ1γ2γ3 and γ25 = I4×4. Furthermore,
relation ΓAB = 1

2
[ΓA,ΓB] entails Γab = 1

2
[Γa,Γb] = −1

2
[γa, γb] = iσab and Γa4 = 1

2
[Γa,Γ4] =

− i
2
[γa, γ5] = −iγaγ5. In terms of the four-dimensional gamma matrices, the generators are

given by

Jab =
1

2
Γab =

i

2
σab (A.8)

Ja4 =
1

2
Γa4 = − i

2
γaγ5 , (A.9)

Ja5 =
1

2
Γa = −i1

2
γa . (A.10)

J45 =
1

2
Γ4 =

1

2
γ5 . (A.11)

We now state the Hermitian properties of the generators in this representation:

J†
ab = −γ0Jabγ0 = Γ0JabΓ0 , (A.12)

J†
a4 = −γ0Ja4γ0 = Γ0Ja4Γ0 , (A.13)

J†
a5 =

i

2
γ0γaγ0 − γ0Ja5γ0 = Γ0Ja5Γ0 , (A.14)

J†
45 =

1

2
γ5 = −γ0J45γ0 = Γ0Ja5Γ0 , (A.15)

that is

J†
AB = Γ0JABΓ0 , (A.16)

J†
A5 = Γ0JA5Γ0 = Γ0JA5Γ0 . (A.17)

We define ε01234 = +1 and ε01234 = −1 (and rise and lower indices with GAB). From the general
relation εA1A2...An−1AεA1A2...An−1B = (−1)s(n − 1)!δAB, where s is the number of minuses in the
metric (for GAB, s = 1), follows

εABCDEεABCMN = −3!(δDMδ
E
N − δDNδ

E
M) , (A.18)

εABCDEεABCDF = −4!δEF , (A.19)
εABCDEεABCDE = −5! , (A.20)

dxµ̂ ∧ dxν̂ ∧ dxρ̂ ∧ dxσ̂ ∧ dxτ̂ = −εµ̂ν̂ρ̂σ̂τ̂dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dx4 = −εµ̂ν̂ρ̂σ̂τ̂dx5

= − 1

5!
εµ̂ν̂ρ̂σ̂τ̂εµ̂ν̂ρ̂σ̂τ̂dx

µ̂ ∧ dxν̂ ∧ dxρ̂ ∧ dxσ̂ ∧ dxτ̂ . (A.21)
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Finally, we need the trace identities for Γ-matrices:

Tr(ΓA) = 0 , (A.22)
Tr(ΓAΓB) = 4GAB , (A.23)

Tr(ΓAΓBΓC) = 0 , (A.24)
Tr(ΓAΓBΓCΓD) = 4(GABGCD −GACGBD +GBCGAD) , (A.25)

Tr(ΓAΓBΓCΓDΓE) = 4iεABCDE . (A.26)

This implies the trace identities for generators:

Tr(JABJCDJE5) =
i

2
εABCDE , (A.27)

Tr(JABJC5JD5) =
1

2
(GABGCD −GACGBD +GBCGAD) , (A.28)

Tr(JA5JC5JD5) = 0 . (A.29)

A.2 Discrete series representation of sl(2,R) algebra

Here, we present certain mathematical details used in the thesis on unitary irreducible repre-
sentations of SO(2, 1) ≈ SL(2,R). Lie algebra for this groups has three generators, labeled
{H,E±}, satisfying the algebra relations

[H,E+] = E+ , [H,E−] = −E− , [E+, E−] = 2H . (A.30)

If one makes the following linear combination of them

H̃ =
i

2
(E+ − E−) , Ẽ+ =

1

2
(E+ + E− + 2iH) , Ẽ− =

1

2
(E+ + E− − 2iH) , (A.31)

we see that the form of the commutation relations does not change. Note that H̃ is the
generator of the maximal compact subgroup of SL(2,R). This implies that in any unitary
irreducible representation, this operator will have a discrete spectrum. This group has three
series of infinite-dimensional unitary irreducible representations: the principal continuous series,
the complementary series, and the discrete series. We shall discuss only the discrete series
representations, as they are relevant for this thesis. We denote by T−

l and T+
l the two families

of discrete series representations [132], with l being a half-integer or an integer. In the case of
T−
l , we have l ≤ −1, while for T+

l we have l ≥ 1. We denote the vector space on which the T−
l

acts as Hl. Importantly, T−
l and T+

l are related as(
T−
l

)∗
= T+

−l , (A.32)

with the star denoting the dual (contragredient) representation. Alternatively, we can relate
those two representations using the Bargmann automorphism, B(

T−
l

)B
= T+

−l (A.33)

This is an outer automorphism of SL(2,R) and on generators its action is given by

B(H) = H , B(E+) = −E+ , B(E−) = −E− . (A.34)
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The discrete series representations have the property that they are the highest/lowest vector
representations, a property not shared among other types of unitary irreducible representations
of sl(2,R). T−

l has the lowest-weight vector Ψ0, such that

Ẽ−Ψ0 = 0 , H̃Ψ0 = −lΨ0 , (A.35)

with other vectors in the representation taking the form of linear combinations of elements
Ψn = Ẽn

+Ψ0.

One way to realize the representation T−
l is on the space of square-integrable functions f(ξ),

where ξ > 0, with the inner product

(f1, f2) = 22l+1π

∞∫
0

dξ ξ2l+1f1(ξ)
∗f2(ξ) . (A.36)

A concrete realization of the algebra generators is then given as

H = ξ∂ξ + l + 1 , E+ = −iξ , E− = −i
(
ξ∂2ξ + 2(l + 1)∂ξ

)
. (A.37)

As standard in quantum mechanics, we define f(ξ) = ⟨ξ|f⟩. We then have

⟨ξ|ξ′⟩ = (π 22l+1ξ2l+1)−1 δ(ξ − ξ′) , (A.38)

with δ(ξ − ξ′) being the Dirac δ-function.

Finally, we can use the isomorphism

so(2, 2) ∼= sl(2,R)⊕ sl(2,R) . (A.39)

to address the so(2, 2) representations. They are given as the tensor product π1⊗π2 of sl(2,R)
representations πi. In this thesis, we shall make the distinction between two copies of sl(2,R)
by putting the bar on all the quantities related to the second copy. One important realization
of T−

l ⊗ T̄−
l is given on the space of two-variable functions f(ξ, ξ̄) (the scalar product is inferred

from (A.36)). This representation has the lowest-weight vector of the form

Ψ0 ⊗ Ψ̄0 = N2(ξξ̄)−2l−1e−ξ−ξ̄ . (A.40)
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